LOI GIAI CHI TIET

([e—=
& Bai 1.

N 2 B ) . Yy oz 1 2 3 .

a Cho z, y,zlabasothu’ckhac0thoaman1‘-|—§-|—§zlva——l——-i-— = (0. Ching

x z
2 Y2 ’
inh ra — 4+ —=1
minn rang r° + 1 + 9
2 z 2
b Cho f(n) v6i n 1a s6 nguyén duong. Tinh gié tri ctia biéu thiic

:\/2n+1+\/2n—1
S=f(1)+ f(2) + f(3) + -+ f(40).

o u'o/‘/zy din.
C

. 1 2 3
a Chox,y,zlébas@thu’ckhéc0th6am€mx+%+§:1va—+——l——:0. Ching minh
xr oy oz

2 2
> 2 Yy <
Y 2 .
rangm—l—4—|—9
Bing cach quy dong mau so6 ta duge:
1 2 3
—+—-—+-=yz+2z0+32y =0 (1).
xr Yy oz
Lai co:
(+y+z>2 2+y2+z2+2(w+yz+zx)
rT+=+-) =4+ =+ — — 4+ =4+ —
2 3 4 9 2 6 3
222 3zytuyzr+ 2zx
=x2+yz+§+ Y y3 =1 (2.

) 222
Két hop (1) va (2) ta dugce: 2° + T + 9= 1.
2

= v6i n 1a s6 nguyen duong. Tinh gié tri cia biéu thiic
V2n+1+4++2n -1 sty & sl i
S=f(1)+ f(2) + f(3) +--- + f(40).

b Cho f(n)

« £ 2.
Bién doi:

2
f(n):\/Qn-l-l—i-\/Zn—l
2(V2n+1-v2n—1)
2+ 1) —(2n—1)
=vV2n+1—+v2n—1.
Nhu vay:
S=f(1)+ f(2) + f(3) + -+ f(40)

= (VB=VI)+ (V56— V3) + (V7= v5) + -+ (V8L - VT79)
=8l —-V1=9-1=38.

Vay gia tri S = 8.

(do v2n+1—+/2n—1#0)

< Bai 2.
a Giai phuong trinh 2 (vx -1+ 1) =r+Vr+2
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P4y =yt —y+2
2y =yle+y+4) +

b Giai hé phuong trinh {

N 2uone din.

C

a Giai phuong trinh 2 (\/ﬁ + 1) =z +Vz+2.
Diéu kién ton tai phuong trinh: z > 1.
Bién doi:
2(Ve—1+1)=z+Vr+2
<:><2\/x—|—1—\/:1:+2) —(z—=2)=0

3r —6
REWr sy R Al
3
el-2) [2\/x—1—|—\/x+2_1] =0
=2

=
Wr—1+Ve+2=3 (%
2
Tfr(*)suyra(Q\/a:—l—i—\/x—i-Z) — 90 5r—244V2+1r—2=0.

A2 +r—2=11-52=16(z>+2—2) = (11 —52)> (%)

Gii (+*) cho hai nghiém = = 7 — 4v/2 vi = 7 + 4v/2. Thay cac nghiém nay vao () thi
& = 7+ 4v/2 khong thoa man.

Vay phuong trinh da cho ¢6 hai nghiem z = 2; 2 = 7 — 4V/2.

Py =yt —y+2

4P =y(r+y+4)+ 2.

b Giai hé phuong trinh {

-yt =c—y+2 (1)

Hé phuong trinh & 9 9 2
(x+y)(a®—zy+vy°)=zy+y +4y+z. (2)

Thé (1) vao (2) dude: (z+y)(x —y+2) =ay +y> +4y+ o

=2
<:>x2—my—2y2+x—2y:O<:>(x—2y)(x+y+1):0<:>[i__yy_l
Véi & = 2y, thay vao (1) ta c6:
y=1
i — 2+ =y +2e3)—y-2=0< 9
y=—§
sl . 4 2
Khi d6 (z;y) = (2;1) va (z;y) = ~373)
V6i x = —y — 1, thé vao (1) duge:
y=20
y+1)°+y+ly+y’=-y—-1—-y+23°+5y=0<« 5
Yy=—3
3

Khi d6 (z;y) = (=1;0) va (z;y) = (% g)
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4 2 2
Vay hé da cho c6 4 nghiém (z;y) =€ {(2; 1), (_5; —§> ,(—1;0), (5’ g)}

o Bai 3. Cho tam gidc ABC nhon (AB < AC) noi tiép dudng tron (O), cac dudng cao AD,
BE, OF dong quy tai H. Goi M la trung diém canh BC, N la trung diém doan AH, duong
thang EF cat dudng tron (O) tai P, Q va cit duong thang BC tai S sao cho P nam giita S
va F. Chiing minh rang:

a Tt giac AOMN la hinh binh hanh.

b AP? = AQ*= AE - AC.

£ FP E
c Tt giac DM EF noi tiep va P = %—S

[} /‘/1./‘0/’/17 Aiin. Hinh vé:
C

a T giac AOMN la hinh binh hanh.
Ké duong kinh AK (K nam trén duong tron (0)). Khi d6 AC' L CK; BK 1 AB.
Dé dang suy ra BK //CH va CK // BH (cting vuong goéc v6i mot dudng thang).
Tit d6 suy ra BHCK la hinh binh hanh. Vi M la trung diém BC nén M € HK va
MH = MK.
Tam gidc AHK c6 M va N lan lugt 1a trung diém ctia HK va AH nén M N la duong trung

binh cia AAHK. Suy ra MN //AO va MN = %AK = AO.

Vay AOMN la hinh binh hanh.
b AP? = AQ* = AE - AC.
Tam giac AFH vuong tai F' suy ra FN = NH. Tuong tw, AAFH vuong tai E nén
NE = NH.Nhuvay NF=NE (1),
Lai c6 ABFC va ABEC lan lugt vuong tai F va E, c6 cic duong trung tuyén lan lugt 1
MF va ME. Do d6 MF = ME = %BO 2).
Tu (1) va (2) suy ra M N la trung truc cia EF. Suy ra EF L MN (3).
Lai c6 M N //AO, két hop véi (3) suy ra AO L EF hay AO L PQ. Suy ra A la diém chinh
gitta cung PAQ, suy ra AP = AQ hay cung AQ bang cung AP.
Mt khac 1@ = 1@ = A/C\Q (cac gbc noi tiép chan cac cung bang nhau). Nen AAQC v» AAEQ.
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AE _ AQ
AQ — AC
Vay AP? = AQ* = AE - AC.

Tt giac DM EF 1oi tiép va ?—g = %gj

Tt gise BFEC noi tiép suy ra AEF = ABC.

Tam giac EMC' can tai M nén MEC = ACB.
Suyram:1800—@’—@:1800—1@—@:@.

Tt gidgc DFAC noi tiép nen FDM + BAC = 180°. Suy ra FEM = FDM = 180°.

Vay DM EF 1a ti gidc noi tiép.

Hai tam giac SDF va SEM co:

SDF = S/ET4 chung DSF nen ching dong dang.

Suy ra?—?—g—ﬁhay SD-SM = SE-SF.

Tu tit giac BFEC noi tiép, ta ciing suy ra SE - SF = SB - SC, ti giac BCQP noi tiép ta
cing ¢6 SB-SC =SP-5Q.

Suy ra — = AE - AC = AQ.

SF 5Q

SP ~ SE

SF . 5Q SF—SP SQ-SE _PF EQ
Viy op =g MW —ep =~ 7 s " 5E

Suy ra SP-5Q =SE-SF =

& Bai 4.

a Cho hai s6 nguyén duong a, b théa man a®:b, b*:a. Chitng minh (a4 + b4) ‘ab.
b Tim tat ci cac cap s6 nguyén (z;y) théa man z(2* —y) + (y — 3)(z* + 1) = 0.

X u‘()/‘/zy din.
C
a Cho hai s6 nguyen duong a, b théa man a*:b, b*:a. Chiing minh (a4 + 64) ‘ab.

Vi a® i bnéen a®.a i b.a hay a’ i ab. Tuong tu, vi b> i @ nén b*.b : a.b hay b* : ab. Tt day suy
ra (a* + b*) i ab.

Tim tat ca cac cap s6 nguyeén (z;y) thoa man z(z® —y) + (y — 3) (2> + 1) = 0.
N —x3 4+ 322 + 3 3 1
Tir dé bai z(2® —y) +(y—3)(2* +1) =0 tarit ray = f:?j:quti :—x+2+x2f—;—+1

> 2 +1>0v6i moi z).

(Viz
Khi z nguyén, dé y 1a nguyén thi (3z + 1)i(2? — z + 1) do do:
(Bx+1)2 = (92 +6x+1) = 9(z® — 2+ 1)+ (152 — 8)i(z* — 2 + 1) hay (152 —8)i(z® — 2 +1).
Suy ra 13 = [5(3z + 1) — (152 — 8)]i(z* — x + 1).
Nhu vay:
Sat—x+1=13=>2>—-2—-12=0= 2 = —3 hodc x = 4.
Véix=—-3thiy= ?—; (khong nguyén); v6i x = 4 thi y = —1 (nguyén).
Sat—rx+l=1=2>—2=0=z=0hoiczr=1
Véi x = 0 thi y = 3 (nguyén); v6i z = 1 thi y = 5 (nguyén).
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Thit lai thay cic nghiém trén déu thda man. Vay c6 3 cip (z;y) théa man yéu cau bai todn

la (0;3), (1;5) va (4;—1).

< Bai 5.

a Cho cac sb thuc z, y, z théa man 0 < z, y, z < 4. Chting minh rang:
22y + Pz + 22 + 16 > xy® + y2® + 222
b Ban dau trén bang viét 2023 s6 thuc. Mbi lan bién doi s6 trén bang la viec thuc hien

nhu sau: Chon ra hai s6 a, b ndo dé 6 trén bang, x6a hai s6 d6 di va viét thém lén bang
a+b

£

s . Gia stt ban dau tréen bang ghi 2023 s6 1 va ta thuc hién lién tiép cac bién doéi

cho den khi trén bang chi con lai mot so, chiitng minh rang s6 dé 16n hon i

7 z,z‘()/‘/zy dén.
C
a Cho cac sb thuc z, y, z thoa man 0 < x, y, 2 < 4. Chitng minh rang:
22y 4+ vz + 222 + 16 > xy® + y2® + 22’
Ta co
22y + 2 + 220 + 16 > xy? + y2? + 2a?
& y+yPr+22r+16— oyt —y2 — 222 >0
& (@-ylz-—2)y—2+16=0

Ta c6 bat déng thic
1
ab > —Z(a —b)? Va,b € R.
va

2
ab < (a+b)

, Va,b e R.

Truong hop 1: Néu x > y ta c6

(o= 2y —2) 2~z — )

1 1
(=) =2)y—2)+162 —7(z =y’ +16 > —24°+16 > 0.
Truong hop 2: Néu y > x ta xét

Truong hgp 2.1: Néu y > 2z, ta ¢

(o= )z —2) > 50y~ =)

(x—y)(x—2)(y—2)+16 > —%l(y— 2)? +16 > —243—# 16 > 0.
Truong hop 2.2: Néu y < z, ta c6
(r—y)(z—2)(y—2) + 16 = (y —z)(z — 2)(z —y) + 16.
Két hop vdi
(-2 —9) < J—aPvar<y<:
ta dugc

(y—z)(x—2)(z—y)+ 16 > (z—x)Q(a:—z)—|—16:—i(z—x)?’—l—leO.

e~ =
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Vay v6i moi trudng hgp thi (x — y)(x — 2)(y — z) + 16 > 0 hay
o*y +yPz 4+ 222+ 16 > ay® +y2? + 2o’

Ban dau trén bang viét 2023 s6 thuc. Méi lan bién déi sé trén bang 1 viéc thyc hien nhu
a+b

sau: Chon ra hai s6 a, b ndo d6 § trén bang, x6a hai s6 do6 di va viét them lén bang s6
Gia stt ban dau trén bang ghi 2023 s6 1 va ta thic hién lién tiép cac bién doi cho dén khi

trén bang chi con lai mot s6, chiing minh rang s6 dé 16n hon T

Trude hét ta thiy trén bang luon 1a cac s duong. That vay, ta st dung quy nap. Ban dau
c6 2023 s6 1 déu la s6 duong. Gia st sau lan bién déi thit 4, trén bang déu la s6 duong. Dén
bude bién doi thit 7 + 1: Ta chon hai s6 a, b trén bang (theo gia thiét quy nap thi a,b > 0),

. A ~ . N c X ~ S a ~ N S ~ X S s L ~ 2
ta x6a hai so do6 di va viet thém so cling 1a s6 duong. Vay, moi so dudc viéet trén bang

luon 1a cac s6 duong.
Goi T; 1a tong cac nghich dao ctia cac s6 thic con lai trén bang sau budc bién doi thi i (T,
la tong nghich ddo clia cac s6 thyc trén bang khi chua thire hién budc bién doi nao) thi:

2 . 2 Z . . .z < .z ” . a+ b
O buéc thii 7 ta c6 tong T;. Dén bude thit 7 + 1 ta x6a di hai s6 a, b va viét 1en bang s

thi ta c6 tong T va:

1 1 1
Ti+1:Ti—(a+—>+

b a+b’
4
Suy ra Tjpq —T; = —M <0 ((Vi a,b déu 16n hon 0)).
‘ ’ ab(a +b) — ’

Nhu vay: Thoze < Thoo1 < -+ < T
Ban dau, ta c6 trén bang 2023 s6 1 nén Ty = 2023. Sau 2022 budc thi ta duge trén bang
. 1
mot s0 x nao do. Khi do6 Tygen = — < T = 2023.
x

Vi ban dau cac s6 trén bang déu la 1, cac budc x6a boé va thay thé déu chi stt dung phap
toan cong va chia, nén sau moi budce thay sé trén bang luon con lai tat ca cac sd déu duong.
Nhu vay = > 0.

1 1

Tit d6 taco x> —— _
wdotacor > gome > 5ore = om
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