SO GD&DPT QUANG BINH KY THI CHON POI TUYEN
DU THI CHON HOC SINH GIOI QUOC GIA
PE CHINH THUC NAM HOC 2022-2023
Khoa ngay 20 thang 9 nam 2022
Mbén thi: TOAN

BAI THI THU NHAT ‘
Thot gian: 180 phut (khong ké thoi gian giao dé)

SOBAO DANH:............... Dé gém 6 01 trang vi 04 cdu
u, = 2022

Ciu 1 (5,0 diém). Cho day s6 (u,) théa man n+2022 .
u,,=u, +———,VneN.

nu,

a) Chimg minh rang limu, =+oo.

2
n

2n+1

b) Tim gidi han lim

Céau 2 (5,0 diém). Cho P(x) 1a da thitc monic bac n (véi neN") c¢6 ding n nghiém thuc
phan biét. Biét rang t6n tai duy nhat s thuc @ ma P(a” +4a+2022)=0. Chting minh
rang da thitc P(x* + 4x +2022) chia hét cho da thirc (x +2)* va P(2022) > 4".

Cau 3 (5,0 diém). Cho tam giac ABC c¢6 AB= AC, I 1a tam duong tron noi tiép va (T)
la dudng tron ngoai tiép tam giac ABC. Cac duong thang BI va CI lan luot cat (T) tai
diém thir hai 1a M va N. Goi D la diém thudc (7), nam trén cung BC khong chira A;
E,F lan luot 1a cac giao diém ctia 4D vé&i BI va CI; P la giao diém cua DM véi CI;
O 1a giao diém cua DN véi BI .

a) Chimg minh rang cac diém D,I,P,0Q cing nam trén mot dudng tron ().
b) Ching minh riang cic duong thang CE va BF cit nhau tai mot diém trén dudng
tron ().

Cau 4 (5,0 diém). Cho A4 14 tap hop gdm céc s6 nguyén duong thda man dong thoi hai diéu
kién sau:

a) Néu a € A4 thi tat ca cac udc s6 duong ctia a ciing thudc 4;

b) Néu a,be A ma l<a<b thi l+abe A

Chtng minh rang néu A c6 it nhat 3 phan tir thi A 1a tip hop tit ca cac s nguyén

duong.
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YEU CAU CHUNG
(Pap an, huong dan nay co 05 trang)

* Pap an chi trinh bay mot 10i giai cho mdi bai. Trong bai lam ciia hoc sinh yéu ciu phai lap
luin 16 gic chat ché, day du, chi tiét va ro rang.

* Trong m&i bai, néu hoc sinh giai sai & buéc giai truwée thi cho diém 0 ddi véi nhirng buéc
gidi sau c6 lién quan. O ciu hinh, néu hoc sinh khong vé& hinh hoic vé hinh sai thi cho diém
0.

* Piém thanh phan ciia mdi bai n6i chung phan chia dén 0,5 diém. Poi véi diém thanh phan
16m hon 0,5 diém thi tuy to giAm khao thong nhit dé chiét thanh tirng 0,5 diém.

* Hoc sinh c6 101 giai khac dap an (néu ding) vin cho diém tdi da tuy theo mirc diém cia
turng bai.

* Piem cua toan bai la tong (khong lam tron so0) cia diém tat ca cac bai

Cau Noi dung Piém
+2022 ‘
Taco u,>0,Vn=1. Suy ra un+1—un=¢>O,VneN : 0,5
nun diém
Suy ra (u,)la day sd ting ngit. 0,5
diém
Ciu 1a | Glasu (u,)la day s6 bi chan trén. Suy ra (u,) c6 gi61 han hitu han.
2,0 9 : . . +2022
d(iém) bat L =limu, thi L>1 (do u, =2022). Th u,,, =u, +n7 suy 0.5
| | ! diém
ra L=L+—=—=0(diéu nay vo Iy).
L L
Suy ra (u,)1a diy s6 khong bi chin trén. Do d6 limu, = +oo. 0,5
diém
B6 d&: Néu lim(u,, —u )= Lthi lim22 = L. 0,5
A h diém
Caulb . i
(3,0 | Chirng minh bo dé: Vi lim(u, , —u, )= L nén véi moi & >0 ton tai 0,5
diém) diém

N, sao cho v6imoi n> N, ta cod

& e
u,, —u, —L|<—. Khi d6 vé1 moi
2

1



n> N, taco

1
S;(‘u% —NOL‘ +‘uNO+1 —Uy, —L‘ +...+|un -u,, —L|)

u,
n

<|uy, —NOL‘%+(n—NO)%.

) {4 2 ‘MN - NOL‘ £
Gilt N, co dinh, ta c6 thé tim dugec N, > N, sao cho *——— < —.
N, 2
! 0,5
0 . . |U N .. U diém
Suy ra voimoi n> N, taco |-+—L|<¢&. Vay lim—= = L.
n n
Tro lai bai toan:
0,5
2022 2022)" 1 y
Ta co uf+1—uf=2.n+ 0 +(n+ 0 j —,Vn21. diém
n n u,
Ma tim 2022y 1imi2 =0 nén lim(u,, —u,)=2. 0,5
n n diém
- L u .o . (u’ n
Theo bo dé, ta ¢d lim—==2. Vay lim—2— =lim| 2. =1. 0,5
n 2n+1 n 2n+1 diém
Goi cac nghiém thuc cua P(x) la a,,a,,...,a, (Vo1 a,<a, <...<a,).
Ta c6 bi€u dién P(x) = I;I(X —a,), suy ra 0.5
diém
P(x* +4x+2022) = 1_[(x2 +4x+2022—-a,).
i=1
Véimodiie {1;2;...;11} thi tam thirc bac hai x* + 4x+2022 — a, co
biét thic A, =4—(2022—a,) =a, —2018. 0,5
Cau 2 diém
GO0 |Tra<a,<..<a, suyra A <A, <..<A,.
diem)
Do da thitc P(x + 4x +2022) c6 nghiém thuc duy nhéat nén phai c6 0.5
A =0 vanéu n>1thi A, <0,Vi=1n—-1. diém
Ta A, =0 tacd x> +4x+2022—a, =(x+2).
1,0
Suy ra P(x* +4x +2022):(x +2)’. diém
Mit khac, P(2022)=]](2022—-a,)=]](4-A). 0,5
i=1 i1 diem




Vé6i n=1 thitacod P(2022)=4—A =4.

025
diém
Véi n>1 thitacod
n n ' n—1 i i 1,0
P(2022)=]]2022-a)=]J(4-2)=][(4-A)(4-A)>4""4=4"| 4iém
i=1 i=1 i=1
Vay ta luén c6 P(2022) > 4" 0,5
diém
Cau 3a
Q2,5
diém)
Goi S 1a goc CBA va X 1a giao diém ciia CE va BF .
Taco OIP=BIC =180 -2 B _130°_ 3 1,0
2 2 diem
Mt khic PDQ = MDA+ ADN = MBA + ACN =L+ L1~ § (@o o
A,M,C,D,B,N cung nam trén dudng tron (T)). diém
T dé suyra D,Q,1,P cung nam trén mot duong tron (Q). 0,5
diém
Ta c6 BIF = BIC =180° — 8 ma FDB = ADB = ACB = j, tit d6 suy 0.5
C?; 53’0 ra B,I,F,D ciung nam trén mot dudng tron. diém
diem) | Taco 1,E,C,D cung thudc mot dudng tron. 0,5
diém




That vay, B/CT) — BMD ( do cung chin mot cung cua duong tron

— e~

(T)) va ICB = £ =MBA=MDA = MDE. Xét tam gide DEM . ta c6

—

IED = MDE + EMD = ICB+ BCD=ICD. Tudoésuyra I,E,C,D
cung thugc mot duong tron.

Twr do suy ra ECI = EDI (do I,E,C,D cung thudoc mot duong tron)

va FDI = FBI (do F,D,B,I cing thuoc mot dudng tron). 0,5
— — diém
Do vay XCI = XBI ,suyra I,X,C,B cung thuoc mot duong tron.
Pé hoan tat chimg minh ta cin phai chi ra dugc IXD = IPD.
Do tir giac IXCB noi tiép, ta suy ra EXI =180° — IXC = CBI :g'
0,5
~ T P~ 0 o — diém
Ta cling c6 BXC=BIC=180" -, ma CDF =f5.
Tir d6 suy ra t gidc DFXC noi tiép va DFC = DXC .
Talaico
1737):1800—17)F—EF\C=1800—§—5X?7 0.
~180° — EXI - DXC = IXD diem
Nhu vay ching minh hoan tat.
Cau4 |+ Tachimg minh 4 chia cac s6 1,2,3,4,5,6. 05
5,0 X
d(iém) Tacole A. diém
Néu 2 ¢ A thi theo a) ta suy ra tt ca cac phan tir cia 4 déu 1a s6 1¢.
Vi A4 c6 it nhat 3 phﬁn tu, ta chon a,b e A véi 1<a <b. Theo b) thi 1.0
1+ ab € A, nhung 1+ ab 13 s6 chin. Diéu nay mau thuin. Do do diém
2e€A.
Vi |A|Z3 nén ton tai a>2 va a€ A. Ap dung b) ta suy ra
l+2a€e A=1+2(1+2a)=3+4ac A=b=1+(1+2a)(3+4a)e 4,
nhung
b=1+(1+2a)(3+4a)2=b:2 1,0
diém

{c:1+(1+2b)(3+4b)54
=
ce A
=4e 4




Laico1+24=9c€AdAnén3eAdval+23=T7e€A41+2.7=15€ 4,

suyra 5e€ A. 0,5
diém
Mat khac, 1+5.7=36€ 4 nén 6 € A.
+ Ta st dung nguyén 1y quy nap manh chirg minh rang moi s6
nguyén duong n déu thudc A.
Theo ching minh trén, ta c6 1,2,3,4,5,6 € A.
1,0
Giasuvoi n>7 taco 1,2,3,....,n—1e€ A. Xdy ra 2 trudng hop: diém
- Trudng hop n 1456 16. Pat n=2k +1véi k>2,khidd ne 4 vi
2,k e A.
- Trudng hop n 14 s6 chin. Pat n=2k voi k>3. Vi k,k—1e 4
déulénhon 2, tacod 1+2ke A val+2(k—-1)=2k—1ec 4.
Suyra 1+ 2k -1k +1)=4k> e A= 2k e A. 1,0
diém

Piéu nay chimg t6 n € A.

Theo nguyén 1y quy nap manh ta c¢6 diéu phai chimg minh.
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Dé gom co 01 trang va 03 cau

Cau 5 (6,0 diém). Tim tat ca cac ham f:R — R thoa man

JG-3f W) =5 (¥) -3 (x)-2f(x),Vx,yeR.

Céu 6 (7,0 diém). Cho sb nguyén to p > 3.

ey | 1 1 m re \ N A A A
a) Gia st 1+ +—+...+———==—, v0i m va n la cac s0 nguyén duong nguyén
223 (p-1)" n

t6 cung nhau. Ching minh rang m chia hét cho p.

b) Chimg minh rang CS”;I —1 chia hét cho p°.

Céu 7 (7,0 diém). Cho tam gidc ABC ndi tiép dudng tron (0). Buodng thang / d6i xtng
v6i dudng thang AC qua duong thang BC, [ cit BO tai X. Piém E tuy ¥ trén doan BO,
duong tron ngoai tiép tam giac XAE cat duong thang / tai Q khac X . Puong thang QF
cat dudng thang OC tai Y.

a) Chtrng minh rang dudng tron ngoai tiép tam giac AYE di qua diém cb dinh khi E
thay d6i trén doan BO.

b) Goi M 1a diém chinh giita cung AE khong chira Y ctia duong tron ngoai tiép tam
giac AYE va CM cit duong tron ngoai tiép tam gidc AYE tai mot diém K khacM .
Chimg minh rang khi E thay d6i trén doan BO thi dudong thang KE ludn di qua mot

diém co dinh.
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Ddp an nay gom co 04 trang

YEU CAU CHUNG
* Pap an chi trinh bay mt 16 giai cho mdi bai. Trong bai 1am ciia hoc sinh yéu ciu phai lap
luén 16 gic chit ché, diy da, chi tiét va ro rang.

* Trong mdi bai, néu hoc sinh giii sai & budc gidi trwéce thi cho diém 0 déi véi nhirng bwéc
gidi sau co lién quan. O cau hinh, neéu hoc sinh khong vé hinh hoic vé hinh sai thi cho diém
0.

* Piém thanh phin ciia m&i bai néi chung phén chia dén 0,5 diém. Poi véi diém thanh phan
16m hon 0,5 diém thi tuy to giaAm khao thong nhit dé chiét thanh tirng 0,5 diém.

* Hoc sinh cé 10i giai khac dap an (néu ding) van cho diém tdi da tuy theo mirc diém ciia
tung bai.

* Piem cia toan bai la tong (khong lam tron so) cia dieém tat ca cac bai.

Cau Noi dung Pi¢m
Thay x =0 vao gi thiét ta co L0
fE3f)=-yf(0)-2/(0),VyeR. (1) diém
- Truwong hop 1: f(0)=0. Thay y =0 vao gia thiét ta c6 0.5
f(x)=0,VxeR. diém
- Trwong hop 2: f(0)=0. Tu (1) suyra f latoan anh.
Suy ra ton tai ¢ sao cho f(c)=0. Thay y =c vao gia thiét bai toan d%?n
A 1
C(*;“Os taco f(x)=—cf(x)-2f(x),VxeR. (2)
diem) "N&u ¢~ -3 thi tr (2) suyra f(x)=0,Vxe R = /(0)=0 (diéu ny 0.5
mau thudn). Do d6 ¢=-3 suyra f(-3)=0. diém
Thay x =-3 vao gia thiéttacod f(=3-3f(y))=-3f(y),VyeR.
1,0
Suyra f(-3+¢)=¢ v6i moi ¢ c6 dang ¢ =-3f(y). diém
Ma f 1a toan anh nén -3 /() quét hét moi gia tri trén R. Lo
Do vay —3+¢ chay khip R. diem




Suyra f(x)=x+3,VxeR.

0,5
Thur lai théa man. diém
Viay f(x)=0,VxeR va f(x)=x+3,VxeR 1a cac ham sd can tim. 0,5
diém
Theo dinh 1y Bezout, véi mdi i € {1,2,..., p—1}, ton tai duy nhat L0
Jji €{L,2,...,p—1}sao cho i.j, =1(mod p). diém
Tur do
m=n{1+%+%+...+ 1 2} 1,0
273 (p-1 diém
=n(j; + j, + J; et j, ) (mod p).
C?;,O“a Mat Khac, (i, jo» jy»rf, 1) & mot hodn vi cita (1,2,3,.., p—1) nén
diem) o o 025
m= I’ZZ:‘]Z2 = nZ:i2 (mod p). diem
i=l1 1
Mit khac, ta biét rang voi p > 3ta b
& -D2p-1
6 diém
Vay m chia hét cho p.
Theo dinh 1y Fermat nhd, da thuc
(x=1)(x=2)...(x— p+1)—(x"" —=1)1a da thitc bic p—2c¢cd p—1 0.5
nghiém phan biét 1,2,3,..., p —1 theo modulo p nén co tat ca cac hé diém
s6 chia hét cho p.
Xét da thirc P(x)=(x—1)(x—2)..(x—p+1)=x"" +ax"" +..+ a,,.
Taco a,a,,...,a, ;,a,, chia hét cho p va 0,5
Ciu 6b diém
4,0 — (=" (p=D=(p-1)!
Thay x = p vao P(x), ta dugc
(p—l)!:pp_1+a1p”_2+...+ap_2p+ap_1. 1,0
diém
Néna, ,=—p’* —ap” —..—a, pip’.
Thay x=5p vao P(x), ta dugc 1,0
diém




Sp-DGEp-2)..4p+1)=Gp)" " +a,(5p)" 7 +...+ a, ,(5p)+a,,
=a, (5p)’ +a,,(5p)+a,  (mod p’).

Hon nira a,, , (5p)° + a, ,(5p)=0(mod p)) (do a _,=0(modp) va

p-3

0,5
a, ,=0(mod p*)) nén (5p-1)(5p-2)...(4p+1)=a,  (mod p°). diém
Do dé Gp-D(Bp-2)...4p+1) _ I(mod p°).
(p-1) 0,5
. diém
Vay ta c6 diéu phai chimg minh.
Cau 7a
3,0 ——=
diém) | Taco BOC =24,
OCX =180 —0CQO =180° — OCB - BCO =180° — (90° — 4)—C =90° + A~ C Lo
Tir 46 OXC = BOC-OCX =90° =B =0AC . diem
Suyra O, X, 4,C thudc mot duong tron.
Ma OA=0C nén XO la phan giac goc AXC hay XE la phan giac
goc AXQ. Ta dugc tam giac AEQ ddng dang tam gidc tam dkﬂ
iem
giac A0C .
Tén tai phép vi ty quay tim A bién E thanh O, O thanhC. Vi EQ
giao OC tai Y nén Y,E,0O, A thudc mot duong tron hay dudng tron 1,0
diém
(AYE) di qua diém O c0 dinh.
Cau7b | Goi D 1a diém dbi xtimg v6i 4 qua BC thi D cb dinh. Ta chimg 1,0




minh KE diquaD.

Goi DE cat CM taiK’, ta chimng minh K’ trung K . Mudn vay ta
ching minh K’ thugc duong tr(‘)n(AYE ) :

Ta c6 tam giac AME céan taiM , tam giac AOB cantai O va
AME = AOE = AOB nén tam giac AME d6ng dang voi tam giac

AOB.

N AM  AE . —/——
Tw do suy ra —=—— va MAO = EAB.
AO AB

Viy tam gidc AMO dong dang tam gidc AEB nén c6 phép vi tu

, 0,5
quay f tdm A4 bién M thanh E,O thanh B. diém
Lai ¢c6 MOC = AOC — AOM =2B— ABE = EBD va

MO MO EB EB (.),’15
e el diem
OC O0OA BA BD
Nén tam giac MOC dong dang va cing chiéu véi tam gidc EBD.
Tén tai phép vi ty quay bién M thanh E, O thanh B, C thanh D. 1,0
diém
R4 rang do 1a phép vi tu quay f O trén, co tam A.
Va DE cat MC tai K’ thi K’,M,E, A thudc mot duong tron. Ta co
diéu phai chirng minh. %;0
diém

Vay KE lubn di qua D ¢6 dinh.
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