UBND TINH BAC NINH PE THI CHON HQC SINH GIOI CAP TINH
SO GIAO DUC VA PAO TAO NAM HQC 2023 — 2024

PE CHINH THUC Mon: Todn - Lop ? _
Thoi gian lam bai: 150 phiit (khéng ké thoi gian giao dé)
(Dé thi cé 01 trang)

Ciu 1. (4,0 diém)

1) Rit gon biéu thirc P =

Ja+b-1 Ja-Jb( b Jb
e —+ , (a,b>0;a#b).
a++Jab 2Jab a—--Jab a+Jab
2) Phuong trinh x* =3x~5=0 c6 hai nghi¢m 1a x,, x,. Dt g(x)=x*-4. Tinh gia trj ca biéu thic

T=g(x) 8(x)
Ciu 2. (4,0 diém)

1) Gidi phuong trinh: V3x =5 +J7-3x =9x* -36x+38.

x(x+y)+fx+y =ﬁ;(\/-2?+l)
Xy=5+7(x+y)-4=6xy—x+1 .

2) Giai h¢ phuong trinh:

Ciu 3. (3,0 di¢m)
1) Tim cdc s6 tenhién x, y théamin: x* = 9y’ + 6y + 16.
2)Cho a, b, c la cic s6 nguyén duong théa min a-b 14 s6 nguyén t6 va 3¢* =ab+bc+ca. Chimg
minh ring 8c-+1 i s6 chinh phuong.
Zdu 4. (6,0 dicm)
1) Cho hai dudmg tron (0) va (©') cit nhau tai hai diém phén biét A4 va B. Trén tia ddi cua tia 4B
liy diém M ke cdc tiép tuyén ME, MF v6i duimg tron (O'), trong d6 E, F thujc dudmg tron (0)
vadiém F nim trong dudmg tron (0). Hai dudmg thing AE va AF cit dudng tron (O) lin luot tai
P vaQ (P, Q khic A). Tia EF ¢it PQ tai K.
a) Chimg minh BKPE 1a tir gidic ni tiép.
b)Goi 7 va J lan lugt la gizo diém cia AB véi OO’ v EF . Chimg minh JJE = IFM .

¢) Chimg minh PQ =2JOA* -OK? .

2) Cho nira dudmg tron dudng kinh BC=2R. Goi M la diém di djng trén nira dudmg tron
(M # B;M #C). Ké M vudng géc véi BC, (H € BC). Goi 0, O, lin lugt 13 tim duomg tron ni
tiép cdc tam gidc MCH va MBH . Xac dinh vj tri diém M dé chu vi tam gidic O,HO, 16n nhi.

fiu 5. (3,0 diém) .
1) Cho a, b, c lacic sé duong théa miin ab+bc+ca=1. Tim gid trj 16n nhit ctia biéu thirc

2
M=\/a +\lb N+l
a+c \b+c 8¢

2) Biét ring moi dié¢m trén miit phiing dugc 16 bing mot trong hai mau xanh hojic dé. Chimg minh
riing ton tai mot tam gidc ma c6 ba dinh vi trong tim ciia n6 cing maiu.
Het-
Thi sinh khong duwgc ste dung tai li¢u va may tinh cam tay. Cdn bj coi thi khéng gidi thich gi thém.
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HOC SINH GIOI TiNH 9 - BN 2023-2024

FHIDRM| a0 qiém)

\/a+\/5—1+f—\/5( Vb N Vb
a+vab 2v/ab a—~+ab a4+ ab

2. Phuong trinh 22 — 37 — 5 = 0 ¢6 hai nghiém 1a z, 75. Dat g(z) = 2% — 4. Tinh gi4 tri ctia biéu
thic T = g(x1).9(z2).

1. Rat gon P = )Véia,b>0;a7éb.

D Loi gidi.
1. Véia,b> 0;a # b, ta co

_\/5+\/E—1+\/’—w3< Vi )
 a+ab 2v/ab a—+ab a++ab

_ Va+Vh-1 +\/_—\/E.\/5(\/5+\/5)+\/5(\/_—\/5)
va(va+ve) Ve va(va-vb)(va+ Vi)

P

_ \/a+\/13—1+f—\/5_ 2v/ab
va(va+ve)  2vab - va(va-vb) (va+ Vo)
_ Va++vbh—1 N 1
Va(va+vb)  va(va+vb)
 Va+ b
- Va(va+vh)
1
~Va

1
VayP:%VGia,b>0;a7éb.

2. Vi phuong trinh 22 — 32 — 5 = 0 ¢6 hai nghiém 1& 1, 25 nén

23 —32,—5=0 v —4 =31 +1
=
3 — 313 —5=0 3 —4=3w,+1

N 1+ 29 =3
dong thai theo Vi-et ta co { L+ T . Tw do

Loy = —D

g(x1)g(x) = (a7 — 4)(25 —4) = (3z1 + 1)(3z2 + 1)
= 3(1’1 + CEQ) + 9%11’2 +1
=33+9.(-5)+1=-35

Vay g(z1)g(w2) = —35.

o
=

()

Hoc, hoc ntra, hoc mai pucrv B}
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ETW o aém
1. Giai phuong trinh 3z — 5 4+ /7 — 3z = 92% — 362 + 38.

+y) VT Ty =29 (V29 + 1
2. Giai hé phuong trinh (@ +y) . Y < Y )
r?y—522+7(zr+y)—4=6ry—xz+1

® Loi gidi.

. 5
1. Xét phuong trinh 3z — 5 + /7 — 3z = 92% — 362 + 38 (1). Dicu kién 3 <z<

Wl

Ap dung BDT Cauchy-Schwarz, ta c6

2
VTG = (VBz =5+ V7 —3z) <2Br—5+7-32) =4= VI <2
Mt khac V Py = 922 — 36z + 38 = 9(z — 2)? +2 > 2. Do d6

V3x —5=+/T7—3x

& = 2 (thoa man DK).
(x—2)2=0 ( )

(1) =4 VT(l) = VP(l) =2& {

Vay phuong trinh (1) ¢6 nghiégm duy nhat 1a z = 2.

vr+y)+Vvary=v% (V2P +1) () y >0
2y =522 +7(x+y)—4=6zy—x+1 (i) r4+y>0 ).

Dau tién, ta thiy rang z = y = 0 khong thoa méan (i). Khi x,y khong dong thoi bang 0 va thoa
man (%), ta c6

2. Xét he (1) { . Diéu kien {

(i) & (Va+ty— 2 + [olz +y) - 2] =0

r+y—2y
< +(z—y)x+2y)=0
Vitutyy et
1
S (r—vy)- +;1:+2):0
i - \(mwz—y ’

>0
< x—y=0hayxr=y.
Thay vao (i), ta ¢
=522 + 14z —4=6Va2 —x+1
e’ =5+ e —7=3[2Va" —z+1— (v +1)]

8(z* —x+1)— (x+1)3
4/ (@ =2+ 12+ 2@+ 1)Va? —2z + 1+ (v +1)2

—(23 = bx? + 11z —7)

4 (2?2 =+ 12+ 2@+ 1)Va? —x+ 1+ (x4 1)?

s P —52+1le—7=3-

e -5+ 1le—7=3-

3
3 2
S (0 =dr"+ 1l —T7) |1+ =0
( ) 4/ (2?2 =z + 12 +2(x+ DVa2 —x+ 1+ (x +1)2
~0dox >0
&’ b’ +1lz—7=0
S -1 [(z-27°+3] =0
& ¢ =1 (théa man) =y =1
Vay hé phuong trinh (7) ¢6 nghiem duy nhat 1a (z;y) = (1;1).
mmS
A Hoc, hoc nra, hoc mai 0,0 pucev B3
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IR o aém

1. Tim céac s6 ty nhién z,y théa man z? = 9y? + 6y + 16.

2. Cho a, b, c 1a cac s6 nguyén duong thoéa man a — b 1a s6 nguyén t6 va 3¢? = ab+ be+ ca. Chiing
minh 8¢ + 1 14 s6 chinh phuong.

® Loi giai.

1. Ta co

2 = 9y® + 6y + 16
s’ - By+1)°=15
S (x+3y+1)(x—3y—1)=15 (%)

r+3y+l,x—3y—1€Z%Z
Viz,yeNnén<x+3y+1>1 , do do tiut (x) suy ra
(x+3y+1)—(z—3y—1)=6y+2>2
{x+3y+1:15 4 {x—|—3y+1:5
hoac

r—3y—1=1 r—3y—1=3

3y+1=15
o Vi {x+3y+ | gitira duge 2 = 8 va y = 2 (thoa man).
r—3y—1=

3 1=5 ). )
o VGi Ty , gidi ra duge x = 4 va y = 0 (théa man).
r—3y—1=3
Vay cac cip s6 tu nhién (z;y) théa man yeu cau 1a (z;y) € {(8;2),(4;0)}.
2. Ta co

3¢ =ab+bc+ca s 4c® =ab+be+ca+ & (20)° = (a+c)(b+c) (x*)

Goi (a+ec,b+c¢)=d Khidéa—b=(a+c)—(b+c):d, maa—>blasdnguyén t6 nén d = 1

hodac d = a — b.
; Y atc=a’ o
e Néu d = 1 thi tur (xx*) suy ra , (z,y € N2y =2c;2 > y). Lic nay
b+c=y

a—b+1

) , —y=1 T=—

(x —y)(x+y) =2 —y*=a—blasd nguyéen td = vy = _%_1

2

a—b+1 a—b—1 (a—0b)?—1

5 5 1 = 8c+1 = (a—0b)? 12 86 chinh phuong.

Tudoé 2c =xy =

e Néu d =a — b thi tit (xx) suy ra {b (x,y € N*;(a — b)xy = 2¢;x > y).

@ Hoc, hoc ntra, hoc mdi DUCPV n
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Lic nay

(a+c)—(b+c)=(a—b)(2*—y*) & a—b=(a—b)(a* —y?)
s —y*=1(doa—b>0)
S (z+y)z—y) =1
sSr=1; y=0=b+c=0 (loai)

Vay 8c + 1 1a s6 chinh phuong.

TN o ém

1. Cho hai dudng tron (O) va (O’) cit nhau tai hai diém phan bigt A va B. Trén tia d6i ctia tia
AB lay diem M va ké cac tiép tuyén M E, M F v6i duong tron (O') (B, F 1a céc tiép diém va
F nam trong (0)). Hai duong thang AE, AF cat (O) lan lugt tai P va Q (P, Q khac A). Tia
EF cat PQ tai K.

a) Chimg minh BK PE la ti giac noi tiép.
b) Goi I, J lan lugt 1a giao diém clia AB véi OO0’ va EF. Chitng minh IJE = IFM.
¢) Ching minh PQ = 2v0OA? — OK?2.

2. Cho nita duong tron duong kinh BC' = 2R. Goi M la diém di dong trén nita duong tron (M
khac B,C). Ké M H vuong goc véi BC' (H € BC). Goi Oy, O5 lan lugt 1a tam duong tron noi
tiép cac tam giac MCH va M BH. Xac dinh vi trf diém M dé chu vi AO; HO, 16n nhéit.

® Loi giai.

1. Ta ¢6 hinh vé

a) Xét duong tron (O) c6 EPYQ = m (cting chin cung B@) hay EPB = BAF (1).
Xét duong tron (O') ¢c6 BEF = BAF (cung chan cung BF) hay BEK = BAF (2).
Tu (1) va (2) suy ra EPB = BEK = BKPF la tt gidc noi tiép.

S
A Hoc, hoc ntra, hoc mai w pucev 6}




BN coiyaé thiHSG toan 9 Tinh Béc Ninh 2023-2024 Trang @

b) Do (O) va (0’) cat nhau tai A, B néen OO' L. AB va do ME, MF la cac tiép tuyén tai F,
F ctia (O)néen O'E L ME va O'F L MF. Tu do ta c6

—

MIO"= MEO' = MFO' = 90°

Suy ra cac diem M, E, O', I va F cing nim trén dudng tron dudng kinh MO’. Trong dusng
tron nay, ta co

I/ETV:I/M\F(cﬁngchénﬁ)él/E\J:m\F
EIM = FIM (chdn 2 cung ME va MF bing nhau) = EIJ = MIF

Tu day suy ra AEIJ «~ AMIF (g.g) = IJE = IFM. Hoan tat chiing minh.
c¢) Vi céc tit giac ABQP va BKPFE 1a ndi tiép nén

AEB = BQP = BQK AB AE
S = AAEB «~ AQKB(gg) = — = —— (3
{AEB:BKQ QKB(g.g) 0B~ OK (3)

Do céc tit giac ABQP va AEBF nai tiép nén @2 = % — EBF (7).
— — 1 —
Xét duong tron (O'), lai c6 EBF = EFM (: —sdEAF) (%2).

L —_

Do ti gidc EIF M noi tlep nen EFM = EIM = ETA (*3)
Tt (%1, (%2), (*x3) suy ra PBQ ETA. Két hop véi BQP EAI theo chiing minh § tren,

suy ra
Al AE AB 2AFE
AEIA ~ APBQ(g.g) = OB~ QP = 0B~ 0P (4) (do AB =2AI)
T (3) va (4) suy ra S—]E( = 2515 QP = 2QK = K la trung diém ctia PQ = OK 1 PQ.

T do, theo Pytago, ta ¢o
PQ =2PK =2vOP? - OK? =2VOA? — OK?
Hoan tat ching minh.

2. Ta c6 hinh vé sau

Goi E, F lan luct 1a giao diém ctia 010, v6i M B va MC.
Dé thay AMHO, ~ ABHO, (g.g), suy ra

HO, MH — —  MC
= — tan MBH = tan MBC =
HO, BH ™ an MB
o
A Hoc, hoc ntra, hoc mai ) pucrv B}
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Do HO; va HO, 1a hai tia phan gidc ctia hai goc ké bu nén HO; L. HO, = O,HO, = 90°. Tt
nhing diéu trén, suy ra

O0,0.H = MCB
0,0,H = MBC

ANO1HOy ~ ACMB(c.g.c) = {

L MFO, = O,HC = 45° )
Tit d6 ta ¢6 cac t gisc O; FCH v O,EBH noi tiép, dan téi { ——' 12—~ . Dén
ME02 - OQHB = 450
day, dé dang chiing minh dugc

AMOyE = AMOsH(g.c.g) = O2E = OH

T do, ta c6 chu vi AO1HO, 1a
O1H + 0105 + OsH = O3F + 0105 + O1F = EF
Xét AMEF vuong can tai M (m — MFE = 45°), ¢
EF? =2ME? = 2MH? (do ME = MH vi AMO,E = AMO,H) = EF = MHV?2

Nhu vay, EF 16n nhat < M H 16n nhat < M la diém chinh gifta nita duong tron. D6 chinh 1a vi
tri can tim cta diém M.

Il 3.0 qiém)
1. Cho a,b,c la cac s6 duong théa méan ab + bc + ca = 1. Tim gia tri 16n nhat ctia biéu thiic

M= [ a " b _9\/02—1—1.
a+c b+c 8¢

2. Biét rang mdi diém trén mit phing dude to bing mot trong hai mau xanh hosic dé. Ching
minh rang ton tai mot tam giac c6 ba dinh va trong tam ctia né cling mau.

® Lai gidi.

1. Cach 1. T ab + bc + ca = 1 suy ra

1=ab+c(a+b) > ab+2cVab= 1+ > (\/%4%:)2

= Vab<V1+c2—c
=ab<1422—2cV1+ 2

Theo Cauchy-Schwarz, ta c6

2
“_ b SQ< o . b ):2(1+ab)
a-+c b+c a+c b+c 14 ¢2

Két hop danh gia & trén, ta co

2
a b 21+ 1+ 2% — 2¢V/1 + 2) c
+ < =41 - —
a+c b+c 14 c? N

.

xS pucpv B}
.‘,

Y

A Hoc, hoc ntra, hoc mai
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/ c 9ve2 +1
M<2,/1— — =T
- V1+c? 3¢

T do, ta co

c 9
bat /1 — =t (0<t<1)thi T =2t — — . Ta c6
¢ et ) th ga—e)
1 9 1 —(2t —1)2(4t +5) 1
T4 =2 " 4= <0=T< -
3 s1—) "2 31— =73
S M < 1 a ding thic x4 khi va chi khi LI 3
uy ra —= va dan cxdy rakhivachikhiz =y=— vh 2= —.
Vay gia tri 16n nhat cia M 1a —=, dat dudctai v =y = —= va 2 = —.
Chu y. C6 thée danh gia T bang AM-GM nhu sau
24+1
79 /1_ c e+
V1+c? 8¢
4 1 ) c Ive? +1
- 2 \/1—1—02 8c
c 9ver +1
()
SRV ey 8
5 2¢ +9\/02+1
2 V142 8c
<5 2c Ive? +1
-2 V142 8c
) 3
_ 2 9.2
2 2
) O
2
Cach 2. Vi ab+ bc+ ca =1 nén (a+ c)(b+c) = (ab+ bc + ca) + ¢ = 1+ ¢ Tu do, ta c6
M= a i b9 a+c.b~|—c
a+c b+c¢ 8 c c
B a n b 9 1
“Va+ec b+c 8

(-5e) (-50)

9
AW e ey
§x+y_4(1—x2?|—1—y2) (AM-GM)
=rty- 2[4—2(i2+y2)]
STt (AWM
A Hoc, hoc nira, hoc mai %?*%f pucrv 6}
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batt=x+y (0 <t <2)thi

_ _ 2
M<i 9 _ (t—1) (4t+10)_1<_1
- 2(4 — 12) 2(4 — 12) 2= 2
t=1
Déang thitc x4 & & Lo 3
ang C Xay ra =1y r=y=—4=VvVaz=—.
7 7
ab+bc+ca=1 \/_ \/—
Vay gia tri 16n nhat ctia M 13 1dtdu’d tai L 3
a 1a UI'1 11 nNnnat cua a ——, da JoC tal *r = = —=Va 2 = —.

2. Xét 5 diém bat ki trong méat phang, trong dé khong c6 ba diém nao thing hang. Theo nguyen 1i
Dirichlet, trong 5 diém nay ton tai ba diém duge to cing mot mau. Khong mat tinh tong quat,
gia sit ba diém d6 1a A, B, C va ching duge to mau do.

Goi AD, BE, C'F la 3 duong trung tuyén va G 1a trong tam ctia AABC. Khi d6, néu G duge
t6 mau do thi ta c6 dieu phai ching minh. Ngudgc lai, néu G dude t6 mau xanh thi trén tia doi
cia céac tia AG, BG, CG lan luct lay cac diem A’, B’, C' sao cho A’/A = 2AD, B'B = 2BE va
C'C = 2CF. Khi do, A, B, C lan luct 1a trong tam ctia cac tam giac A’BC, B'CA, C'AB va G
la trong tam ctia AA'B'C’. Lac nay
e Néu 3 diem A’, B/, C' déu to6 mau xanh thi AA’B'C’ ¢6 ba dinh A’, B’, C' va trong tam G
cting t6 mau xanh va ta c6 diéu phai chitng minh.
e Néu trong ba diem A’, B’, C’ ton tai mot diém t6 mau do, gid st diém do 1a A’. Khi do,
AA'BC c6 ba dinh A’, B, C va trong tam A cung t6 mau dé va ta ciing c¢6 diéu phai chitng

minh.

Vay luon ton tai mot tam giac c6 ba dinh va trong tam to cting mot mau.

o
<

#A Hoc, hoc nra, hoc mai 5 pucrv B}
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