LGOI GIAI DE THI HOC SINH GIOI TOAN 9
THANH PHO HA NOI 2024

V6 Qudc Ba Can — Nquyén Lé Phuéc — Nguyén Tién Diing — Tran Dic Hiéu
Tran Quang Dd — Phan Quang Linh — Pham Duy Nguyén Lam

1. Dé thi

Bai 1 (5.0 diém).

a) Giai phuong trinh
Tx +3=2x 4+ 3)vx + 3.

b) Cho ba s6 thuc x, y, z théa man xy +yz+zx =0 va x +2y +3z =0. Tinh gid tri ctia biéu thiic
P =x*+y*+ 22

Bai 2 (5.0 diém).

a) Cho ba sd nguyén a, b, ¢ théaman a + b + ¢ va ab + bc + ca déu chia hét cho 8. Chiing minh
rang abc chia hét cho 64.

b) Ching minh ring khong tdn tai cic s6 nguyén x, y 16n hon 1 sao cho (x + y)(y + 1) — 1 chia
hét cho x2 + xy + 1.

Bai 3 (2.0 diém). Cho céc sb thuc duong a, b, ¢ théa min a + b + ¢ = 3abc. Chiing minh ring
ab bc ca 3

Z_

3c—|—ab—|—abc+3a—|—bc—|—abc+3b—|—ca+abc 5

Bai 4 (6.0 d'ié?m). Cho tam gidc ABC ndi tiép dudng tron (0), c6 H 1a truc tim. Goi O’ 1a diém dbi
xtng v6i diém O qua duong thang BC. Pudng thang di qua diém H vudng géc véi duong thang HO' cit
cic dudng thang AB va AC theo thi tu tai M, N. Goi I 1a tim clia dudng tron ngoai tiép tam gidc AM N.

a) Chiing minh rang O’ 1a tim dudng tron ngoai tiép tam gidc BH C.
b) Ching minh ring ba diém A, H, I thing hang.

c) Goi P la giao diém thi hai ctia dudng thang AH va dudng tron (0); Q 1a giao diém ctia hai
dudng thang OP va BC. Pudng tron ngoai tiép tam giac AM N cat dudng tron (O) tai diém
thit hai R. Chiing minh ring dudng thang QR song song véi dudng thing O] .

Bai 5 (2.0 diém).
a) Tim tit ca cac sd nguyén duong a, b, ¢ thdéa man
a* + 6a% +2° = ¢2.

b) Xét sd nguyén n > 100 thda man ton tai tip hdp S gdm n s6 thuc duong sao cho véi mdi phan ti
x clia tap S déu ton tai 100 phan ti khac x clia tAp S c6 tich bang x. Hoi, #n nhd nhit bing nhiéu?
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2. Ladi giai va binh luan cac bai toan

Bai 1 (5.0 diém).
a) Giai phuong trinh
7x +3=02x+3)vx + 3.
b) Cho ba s6 thuc x, y, z théa min xy+yz+4zx =0 va x+2y+3z =0. Tinh gia tri cia biéu thiic

P =x*+y*+:z%

Loi giai. a) Diéu kién: x > —3. Tu phuong trinh, ta ¢6 (7x + 3)®> = (2x + 3)?(x + 3), hay
(x = 1)(x —6)(4x + 3) = 0. Twd6 x € {1, 6, —2} . Tuy nhién, khi th lai, chi c6 x = 1 vax = 6
théa man. Vay, tap nghiém cua phuong trinh 1a S = {1, 6}.

b)Dox+2y+3z=0nénx = —2y—3z.Maxy+yz+zx =0nén—(y +z)2y+3z)+yz =0,
hay 2y2 + 4yz + 322 = 0. Mot cach tuong duong, tacé 2(y +z)> + 22 =0.Suyray +z =z =0,
ticy =z=0.Tudox =0.Vay P = x2 + y2 +22=0. O

Bai 2 (5.0 diém).

a) Cho ba s6 nguyén a, b, ¢ thbaman a + b + ¢ va ab + bc + ca déu chia hét cho 8. Chiing
minh ring abc chia hét cho 64.

b) Ching minh ring khong ton tai cac sb nguyén x, y 16n hon 1 sao cho (x + y)(y + 1) — 1
chia hét cho x? + xy + 1.

Ldi gidi. a) Trong ba s6 a, b, ¢ c6 hai s6 clng tinh chdn 1é. Khong mit tinh téng quat, gid st 1a a
va b, suy ra a + b chia hét cho 2. Ma a + b + c chia hét cho 8 nén ¢ chin. Tit d6 c(a + b) chia hét
cho 4. Ma ab + bc + ca chia hét cho 8 nén ab chia hét cho 4. Két hop véi a, b cling tinh chén 1€,
ta suy ra a, b cing chan.

Pita = 2x,b = 2y, ¢ = 2z V6i x, v, z nguyén. Tt gia thiét, ta suy ra x + y + z chia hét cho 4 va
xy + yz + zx chia hét cho 2. Ching minh tuong tu nhu trén, ta c6 x, y, z cung chin. Suy raa, b, ¢
cung chia hét cho 4. Tit d6 abc chia hét cho 64. Ta c6 diéu phai ching minh.

b) Gi4 st ton tai hai s6 nguyén x, y 16n hon 1 sao cho (x + y)(y + 1) — 1 chia hét cho x? + xy + 1.
Khidé (x + y)(y + 1) =1+ (x2+xy + 1) = (x + y)(x + y + 1) chia hét cho x? + xy + 1.
Ma x + y va x2 4+ xy + 1 nguyén t6 cing nhau nén x + y + 1 chia hét cho x? + xy + 1, mau
thudn vi x2 4+ xy + 1 > x + y + 1 > 0. Viy, khong ton tai hai sd nguyén x, y 16n hon 1 sao cho
(x + y)(y + 1) — 1 chia hét cho x2 4+ xy + 1. O

Bai 3 (2.0 diém). Cho cic s6 thuc duong a, b, ¢ théa man a + b + ¢ = 3abc. Chiing minh ring

ab N bc N ca
3¢ +ab +abc  3a+bc+abc  3b+ ca+ abce

3
> .
-5

Loi gidi. Patx =1,y = 2 vaz =1 khi d6 tir gid thiét, ta c6 xy + yz + zx = 3. Bat dang thic
can chitng minh c6 thé viét dudc lai thanh
X z
+ Y +
x+3yz+1 y+3zx+1 z43xy+1

> % (1)
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St dung bat dang thiic Cauchy-Schwarz, ta cé

52 .\ 32 s 2
x24+3xyz+x  y2+4+3xyz+y zZ243xyz+z
(x+y+2)?°

X2+ y2+2249%yz+x+y+z

VT =

v

Mit khdc, theo bét déng thiic AM-GM, ta lai c6
(x+y+2)(xy +yz+zx)>33xyz-3v/x2y2z2 = 9xyz.
Suyra3xyz <x+y+z.Tacingc63 =xy + yz +zx > 3€/mnénxyz <1, tudo
Oxyz =6xyz+3xyz<6+x+y+z=2(xy+yz+zx)+x+y+z.
Két hop véi bat dang thiic trén, ta dudc

VT > (et +2)7 —
()_(x—l—y+z)2—|—2(x—|—y+z) X+y+z+2

Laico (x+y+2)>=3(xy +yz+zx) = H{(x—=y)?+ (y—2)*+(z—x)*| = Onénx + y +z > 3.
Két hop v6i bat dang thic & trén, ta dudc

x+Y +z 3
VT(l) > > = =i
x+y+z+sx+y+z) S

Ta c6 diéu phéi chiing minh. D4u dang thiic xay ra khi vachikhia =b =c¢ = 1. ]

Bai 4 (6.0 diém). Cho tam gidc ABC noi tiép dudng tron (0), ¢6 H la truc taim. Goi O’ 1a
diém dbi xiing v6i diém O qua dudng thang BC. Puong thang di qua diém H vudng géc véi
dudng thang H O’ cat cac duong thang A B va AC theo thd tu tai M, N. Goi I 1a tim ctia dudng
tron ngoai tiép tam giac AMN.

a) Ching minh ring O’ 1 tim dudng tron ngoai tiép tam gidc BH C.
b) Chiing minh ring ba diém A, H, I thing hang.

c) Goi P la giao diém thi hai ctia dudng thing A H va dudng tron (0); Q 1a giao diém cia
hai duong thang OP va BC. Pudng tron ngoai tiép tam gidc AM N cat dudng tron (O) tai
diém thi hai R. Chitng minh ring dudng thing QR song song v6i dudng thang OI.

Lagi giai. a) Ké duong kinh AK cta duong tron (O). Khi do, ta c6 ZABK = ZACK = 90°,
nén BK | CH va CK | BH. Tu d6, tit giAc BHCK 1a hinh binh hanh, suy ra hai doan thing
BC va HK c6 chung trung diém T. Do di€ém O’ dbi xiing véi diém O qua dudng thang BC nén
duong thang O O’ vudng goc véi dudng thang BC, suy ra O O’ la dudng trung truc ciia doan thang
BC. Ma BC la dudng trung truc ctia doan thang OO’ nén ti gidc BOCO' 1a hinh thoi. Suy ra
O'B=0C=0B=0C=R.

Lai c6 T 1a trung diém ctia hai doan thang HK va OO’ nén tii gidc OH O’K 1a hinh binh hanh. Suy
raO’'H = OK = R. Tudiy,tac6 O'B = O'C = O'H = R, suy ra O’ la tam cta duong tron ngoai
tiép tam giac BHC.
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b) Dé dang chiing minh dudc b6 dé sau: Cho tam gidc ABC nhon, khong cdn, co duong cao AD, ndi
tiép duong tron (0). Khi dé ZAOC = 2/ABC va ZOAC = 90° — ZABC = /BAD.

Trd lai bai toan: Do AO | HO' (viOK || HO')vaMN L HO ' nén AO L MN.MalA=IM =1IN
nén theo bd dé thi ZNAO = 90° — LZANM = LIAM.

Lai 4p dung b6 dé, ta c6 LOAC = 90° — LZABC = /BAD. Suy ra ZANM = ZABC va
ZBAD = IAM. Do d6 hai tia AI vd AD trung nhau, suy ra ba diém A4, I, H thzzlng hang.

c) Goi AS la duong kinh ctia duong tron (/), khi d6 LZAMS = ZANS = ZARS = 90°. Lai ¢6
ZARK = 90° nén ba diém R, S, K thang hang.

Tacé ZAPK = 90° nén PK | DT. Ma T 1a trung diém ctia doan thang HK nén D la trung diém
ctia doan thang HP. Suyra ZQHP = Z/QPH = ZOPA = LOAP,tid6 HQ | AO.

Tac6 LZABC =90°-4/BCF =/ZCHD = /ZCPD.Ma ZABC = ZANM nén LCPD = ZANM,
suyra AANH ~ AAPC (g-g). Tu do AANP ~ AAHC (c-g-c), suy ra

ZAPN = ZACH = 90° — ZBAC = ZINM (theo bé dé trén).

Tird6 AINH ~ AIPN (g-g),suyraI[H-IP = IN?> = IS-1A. Tud6 15 = T84 = x4 — A0

ma HQ || AO nén 42 = 92 Suyra I3 = 9€ tird6 QS | OI. Ma OI | SK (theo tinh chét

dudng trung binh) nén ba di€ém S, Q, K thang hang, ma ba diém R, S, K thang hang nén bbn diém
R, S, O, K thang hang. Suy ra OR || OI. ]
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Bai 5 (2.0 diém).
a) Tim tAt ca cdc sb nguyén duong a, b, ¢ thdéa min
a* 4 6a* 4+ 20 = ¢2

b) Xét s6 nguyén n > 100 théa man ton tai tip hop S gdm n sb thuc duong sao cho véi moi
phan tif x ctia tip S déu tdn tai 100 phan ti khic x cta tap S c6 tich bang x. Héi, n nhd
nhét bang nhiéu?

L&i giai. a) Dita = 2% v6i k tu nhién va ¢ 14 s6 nguyén duong 18. Xét cac trudng hop sau.

Trudng hdp 1: b chin. Néu k = 0, thia 18, suy raa? = 1 (mod 4). Liic nay ¢ = a* + 6a> + 20
chia 4 du 3, mau thuin vi s6 du khi chia mot s6 chinh phuong cho 4 phai 12 0 hodc 1. Do d6 k > 0.

Néub > 2k +1, thitacé a*+6a> 420 = 24k44 4 3.02k+142 4 ob — 92k+1(92k=1y4 4 342 4 pb—=2k—1)
chia hét cho 22**! nhung khong chia hét cho 22+2. Do dé a* + 6a* + 2° khong thé 1a sb chinh
phuong, mau thuin. Nhu vy, ta phdicé b < 2k + 1. Ma b lasé chinnén b < 2k + 1.

Dit b = 2n v6i n nguyén duong van < k. T gia thiét, ta c6

A = ZCTzn _ pék—2n4 4 3 p2k-2nt1,2 | |

1a s6 chinh phuong. Ta cé A > 2447274 = (22k—7¢2)2 Lai c6
A < 24k_2nt4 + 3 . 22k—n+1l2 _|_ 9 — (22k—nt2 + 3)2

Ma A 1a s6 chinh phuong 1é nén A = (22%7"¢2 4 1)2, hay 3-22k=2n+12 — p2k=n+142 Ngj cach khéc,
ta phdi c6 3 = 2", mau thuin.

Trudng hop 2: b [é. Gid st k > 0. Néu b > 2k + 1 thitacé
a4 R 6a2 + 2b — 24kt4 + 3. 22k+1t2 + 2b — 22k+1(22k_1t4 + 3t2 + 2b—2k—1)

chia hét cho 22! nhung khong chia hét cho 2%*2. Do d6 a* + 6a? + 2° khong thé 1a s6 chinh
phuong, mau thuan. Nhu vy, ta phéi c6 b < 2k + 1.

Ngoai ra, néu b < 2k + 1 thi ta cé a* + 6a> + 20 = 262404 4 3.22%k+1-b42 1 1) chia hét cho 2°
nhung khong chia hét cho 2°*1. Do d6 a* + 6a? + 2° khong thé 1a s6 chinh phuong, mau thuin. Vi
thé b = 2k + 1. Lic nay, ta c6
62 — 24kl4 _|_ 3 . 22k+1t2 + 22k+1 — 22k(22kt4 _|_ 6t2 + 2)
Suy ra B = 2%¢* 4+ 612 + 2 1a s6 chinh phuong. Ta cé B > 2%1* = (2¥12)2 va
B < 2%1* 4+ 6.2K2 + 9 = (22 4 3)2.

Ma B 1a s6 chinh phuong chin nén B = (2%¢% + 2)?, hay 3¢ = 2¥*1¢2 4 1. Suy ra 1 chia hét cho 2,
tiic = 1. T d6, ta dé dang tim dudc k = 0, mau thuén.

T mau thuan trén, ta suy ra k = 0. Do do

2 =t*+ 612 +2°. (1)
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Néu b > 3 thi t* + 612 + 2° chia 8 du 7, mau thun vi mot sé chinh phuong chia 8 du 0, 1 hoic 4. Do
dé b = 1. Thay vao (1), ta dudc
c2=t*+61>+2. ()

Vitt4+6124+2>t* 422+ 1= @@>+1)?var* +6:>2+2 <t*4+6t24+9 = (12 + 3)? nén
(t2 + 1)? < ¢? < (> + 3)2. Suy ra c? = (¢? + 2)2. Thay vao phuong trinh (2), ta dudc ¢ = 1 (mot
cach tuong ting, ta cé a = 1). Tir d6 ¢ = 3. Viy, c6 duy nhat mot bo s6 (a, b, ¢) can tim1a (1, 1, 3).

b) Ta sé& chiing minh n = 104 1a gid tri nho nhit théa man. R rang n > 101. Goi x; < --- < x,, lan
phan i ctia tap hop S. Pit P = x;x5 - - x,,. Xét cac trudng hop sau.

Truwdng hdp 1: n = 101. Liic nay, éng v4i mbi x; thi tich ctia 100 phan tii con lai trong S phai bang
x;.SuyraP =x?=x3=---=x2voly.

Truong hgp 2: n = 102. Lic nay, gid SO X1 = X, Xj, «** Xj o VO 1 < iy <ip < :-+ < ijgo, thi trong
S con mot phan i y nlta va P =y - X1 - Xj, Xiy *** Xijgg = X2+ ¥ < X2X102.

Lai gid s X102 = X, X}, =+ Xj100 VO 1 < Jo < -+- < j100 < 102 thi P = x%,, -z v6i z € S nao do.
Suyra P > x7,x1. VAy X75,X1 < X7X102 N€n X192 < x1, VO ly.

Trudng hgp 3: n = 103. Ly luén tucng ty nhu trén, ta ciing c6 P = x7-yz véiy <zvay,z € S
nao dé nén P < x?xy92x103; Va P = x7;uv voiu < v vau, v € S ndo d6, nén P > x7,x1x,. Suy
ra X%03X1X2 < X%X102x103, hay X103X2 < X102X1, vO 157 Vi X103 > X102 > 0 va Xy > X1 > 0.

Bay gio, ta sé chiing minh n = 104 théa man yéu cau bai toan. Chon

S ={27°2 271 . 27hvu {2l 22 ..., 2% 2%%

Luc do, tich cac phﬁn ticia S1al, vavéimdix € Stacanchiratontaia < b < ¢ € S déu khac
x sao cho x2abc = 1 thi lic d6 100 phan ti con lai ctia S sé c6 tich bang x. Xét x = 2K véik > 1,
truong hgp k < —1 dugc chiing minh tuong tu.

e Néuk >3thichona =271, b =2'"% ¢ = 27k thi x2abc = 1.
e Néuk =2thichona =2* b =2' ¢ = 2! thda man.
e Néuk = 1thichona =272, b =23, ¢ =273 thda man.

Vay n = 104 thda man. Ta c6 diéu phai ching minh. O
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