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Thoi gian 1am bai: 180 phut (khong ké thoi gian giao dé)
Ngay thi: 15 thang 7 nam 2023

PE CHINH THUC

(Pé thi gom 01 trang)

Cau 1. (4,0 diém) Ching minh rang v6i mdi s6 nguyén duong », ton tai nhiéu nhat mot da thirc

P(x) c6 bac n, hé s6 thuc va théa man P(x)P(x+1)= P(x2 +ax+b); véi a,b 1a cac s thuc cho trude.

Céu 2. (4,0 diém) Cho q, b, ¢ 14 cac s thuc khong am thoa man a® + b +¢* = 3. Ching minh rang

a+b+c£1.
b+2 c+2 a+?2

Cau 3. (4,0 diém) Cho tam giac nhon ABC noi tiép dudng tron (0) cd6 AD 1a dudng phan giac trong
(D thuéc BC). Goi E, F lan luot 1a diém chinh giira cung CA chtta B, cung AB chta C cua
duong tron (0). Puong tron ngoai tiép tam giac BDE cat AB tai M. Puong tron ngoai tiép tam
giac CDF cat AC tai N.

a) Chirmg minh rang bén diém B, M, N,C cing nam trén mot duong tron.

b) Goi I 1a tAm dudng tron ngoai tiép tam giac AMN. Goi AP, AQ 1an lugt 13 dudng kinh cua
duong tron ngoai tiép tam giac 4BN, ACM. Ching minh rang cac duong thang BQ, CP, AI dong quy.

Ciu 4. (4,0 diém) Cho s6 nguyén duong n. Chimg minh rang néu ton tai cac sé nguyén duong
a,b, ¢ sao cho 2027" = (a+bc)(b + ac) thi n 1a sé chin.

Cau5s. 4,0 diém) Mot sb nguyén duong m dugc goi la “t5t” néu ton tai cac sb nguyén duong a,b,c,d
saocho m<a<b<c<d<m+49 va ad = bc.
a) Chimg minh ring s nguyén dwong m 13 “t5t” khi va chi khi ton tai hai sb nguyén duong

x,y sao cho xy=m va (x+1)(y+1)<m+49.

b) Tim s “t6t” 16n nhat.

Lwuy: - Thisinh khong dugc st dung tai licu.
- Can bo coi thi khong giai thich gi thém.
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Ciu 1. (4,0 diém) Chirng minh rang véi mdi s6 nguyén duong n, ton tai nhiéu nhat mot
da thirc P(x) ¢ bic n, hé s6 thuc va théa man P(x)P(x+1)=P(x’ +ax+b) (1); véi a,b
Piém
1a cac s6 thuc cho trude.
(Dwa theo: THPT Chuyén Cao Bing)
Gia st da thire P(x) bac n va thoa man (1), khi d6 P(x) la da thuc monic. 0,5
Gid s ton tai da thire O(x) c6 hé s6 thue, O(x)# P(x), degQ(x)=n va thoa man (1).
1,0
Khi d6 da thae R(x)=P(x)-0(x) c6 degR(x)<n—1.
Do P(x)=0(x)+R(x) thoa man (1) nén
[Q x)+ (x ] [Q x+1 +R x+1 ] Q(x +ax+b)+R(x +ax+b)
= 0(x).0(x+1)+O(x).R(x+1)+R(x).Q(x+1)+ R(x).R(x+1) 1,5
= Q(x +ax+b)+R(x +ax+b)
— Q(x) R(x+1)+R(x).Q(x+1)+R(x).R(x+1) = R(x2 +ax+b) (2)
Vé phai (2) 1a da thirc bac 2deg R(x), vé trai (2) 1a da thirc bac degQ(x)+degR(x),

1,0
do d6 2degR(x)=n+degR(x)=> n=degR(x), mau thudn. Diéu phai chimg minh. ’
Céu 2. (4,0 diém) Cho a, b, ¢ 14 cc s6 thuc khong 4m théa man a” +b* + ¢* = 3. Ching
minh ring 4 b ¢ <1 Piém

b+2 c+2 a+2
(Nguon: THPT Chuyén Thdi Binh)
Bién d6i BDT can ching minh tr¢ thanh 1,5

Trang 1



Za(a+2)(c+2) <(a+2)(b+2)c+2) = ab’ +bc® +ca’ +2(a’ +b” +c*) < abc+8

& ab® +be* + ca® < abe + 2.

Gia st b nam giira hai sé a,c. Khidd (b—a)(b—c) <0< b* +ac<b(a+c).

1,0

Do d6 ab’® +bc* +ca® = a(b> + ac) + bc* < ab(a+c) +bc* = b(a® + ¢*) + abe.

0,5

Pé ching minh ab’ + bc” + ca® < abe +2 ta chi can chimg minh b(a’ +¢*) < 2.

Tacd 2—b(a*+c*)=2-b(3—-b*)=(b-1)*(b+2)>0. Do d6 ta co bat dang thirc can

chirng minh 1a dung.

Déau béng xay rakhi a=b=c =1 hoac a:O,bzl,c:x/E va cac hoan vi.

1,0

Ciau 3. (4,0 diém) Cho tam giac nhon ABC ndi tiép dudng tron (O) c6 AD 1a duong
phan giac trong (D thudc BC). Goi E, F lan luot 1a diém chinh giita cung CA chua
B, cung AB chita C cia dudng tron (O). Pudng tron ngoai tiép tam giac BDE cit
AB tai M. Pudng tron ngoai tiép tam giac CDF cat AC tai N.

a) Ching minh rz"mg bon diém B,M,N,C cung nam trén mot duong tron.

b) Goi I 1a tAm dudng tron ngoai tiép tam gidc AMN. Goi AP, AQ lan luot 1a
duong kinh ctia duong tron ngoai tiép tam giac ABN, ACM. Ching minh rang cac dudng
thang BQ, CP, AI dong quy.

(Nguon: THPT Chuyén Nguyén Tit Thanh — Yén Bdi)

Piem

Xét hinh vé sau: (cac truong hop hinh v€ khac ching minh tuong tu)

A

— — e e e

a) Taco EA=EC,DCE = MAE,DEC = BDE — DCE = BME — BAE = MEA
= AEDC = AEMA (g.c.g) suy ra CD = AM . Chirng minh tuong ty ta c6 BD = AN .

0,5

DB AB _ AB AN

= = = < AM .AB = AN.AC
DC AC AC AM

Vi AD la phan giac cia goc 4 nén

suy ra tir giic BMNC noi tiép mot dudng tron.

0,5

Trang 2



b) Trudc hét ta chimg minh A7 vudng goc v6i BC . That vay,
IAM :90°—MTM:900—M =90°— ABC nén Al vuéng goc BC.

0,5

Vi AP,AQ lan luot 1a dudng kinh cua cic duong tron (ABN),(ACM) nén
ABP = ACQ = 90°.

Goi A’ 1a giao diém ctua BP va CQ thi A4’ 1a dudng kinh cta (O).

Mit khac AMOQ = ANP =90° nén NP//CA' va MQ// A'B.Goi K 1a giao diém ctiia MO
va NP thi to giac AMKN noi tiép dudng tron dudng kinh AK nén A,7,K thang hang.

1,0

Ta c6 s1n%‘£’ _ sinQPC _ cQo (1) va s1nliQ\B _ sin PBQ _ PO 2)

sin KPC  sin @ PQ sin POB  sin @ BP

0,5

Lai c6 BMC = BNC => CMQ = BNP = CAQ = BAP = ABAP » ACAQ (g.g).

BP _AB AN AN AK _ sin AKN G)

CO AC AM AK AM  sin AKM

Tu (1), (2) va(3) suyra smA/Kﬁ .st/[Ej . smliQi? =1, do vay AK,CP,BQ ddng quy.
sin AKM sin KPC sin POB

Suy ra

1,0

Céu 4. (4,0 diém) Cho s6 nguyén duong n. Chirng minh ring néu ton tai cac s nguyén
duong a, b, ¢ sao cho 2027" = (a+bc)(b +ac) thi n 14 sé chin.
(Nguén: THPT Chuyén Quéc Hoc — Thiva Thién Hué)

Piem

a+bc=2027"

- 2027 (1). Khong mét
ac =

Tir gia thiét suy ra ton tai p, ¢ nguyén duong théa min {

téng quat, gia st @ > b. Tir (1) suy ra
a+b+bc+ac=(a+b)c+1)=2027" +20271
b—a+ac—bc=(a-b)c—-1)=20277-2027"

1,0

Viazbnén g=p,dodo
(2 PN {(a + b)(C + 1) =20277% (2027‘1—17 + 1)

_ (3).
(a—b)(c—1)=20277 (202747 —1)

1,0

Trang 3



Néu 2027| ¢ +1 thi 2027]c~1,do d6 (3) = 2027 |a—b=> a+bc|a—b (*). Mt khac,

tr |a+bc|>|a—b| va (*)suyra a—b=0= (a+bc)(b+ac)=(a+bc) =2027" = ni2.

1,0

Néu 2027/c+1 thi 20277 |a+b,dodd a+bc|a+b (**). Vi a+bc>a+b nén (**)

suyra ¢ =1.Khi d6 (a+bc)(b+ac)=(a+b) =2027" = n:2.
Vay trong moi trudng hop ta ludn cd n:2.

1,0

Céu 5. (4,0 diém) Mot s6 nguyén duong m duoc goi 1a “tot” néu ton tai cic sé nguyén
duong a,b,c,d saocho m<a<b<c<d<m+49 va ad = bc.

a) Ching minh rang sd nguyén duwong m 1a “t6t” khi va chi khi tdn tai hai sb nguyén
duong x,y sao cho xy>m va (x+1)(y+1)<m+49.

b) Tim s “t6t” 16n nhét.
(Nguén : THPT Chuyén Vinh Phiic)

Piém

a) Chiéu thun: Gia sir m 1a t6t, khi do ton tai cac sb nguyén duong a,b,c,d sao cho

m<a<b<c<d<m+49 va ad =bc.
\ a c . 7 R +X s.
Tu ad =bc, suy ra ZZE Khi @6 biéu dién duoc a=uv;, b=rv; c=us; d =rs, voi

u,v,r,s la cac so nguyén duong.

0,5

Tra<b=u<r,suyrarzu+l. To a<c=>v<s,suyra s=>v+l1.

0,5

Khi @6 wuv=a>m va (u+1)(v+1)£rs=d£m+49. Nhu vay da tdn tai cap

(x,»)=(u,v) thod man.

0,5

Chiéu dao: Gia st ton tai hai s6 nguyén dwong x, y sao cho xy>m va
(x+1)(y+1)<m+49. Khong mat tinh tong quét, gid stt x< y. Suyra

mSxy<x(y+1)£y(x+1)<(x+1)(y+1)£m+49.

1,0

bat a=xy;b =x(y+1);c:y(x+1);d :(x+l)(y+1) thi

m<a<b<c<d<m+49 va ad =bc. Viy m 1 tot.

0,5

b) Tim s6 “t6t” 16n nhat: Gia sir m 13 s6 “tot”, khi d6 ton x, y nguyén duong sao cho

xy2m va (x+1)(y+1)<m+49 (%)

Khi d6 taco m+49> (x+1)(y+1)2 (o +1) =(vim +1) = m < 576. Déu biing xiy

rakhi x = y = 24. Vay s6 “t6t” 16n nhit bang 576.

1,0

Trang 4
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