PAO HAM
BAI GIANG PINH NGHIA VA Y NGHIiA CUA PAO HAM
Muc tiéu
% Kién thire
+ Hiéu khai niém dao ham, dao ham bén tri, dao ham bén phai, dao ham trén khoang, trén doan.
+ Nim duoc quan hé gitra sy tdn tai ctia dao ham va tinh lién tuc caa ham sd.
+ Biét cach tim hé sb goc cua tiép tuyén va viét phuong trinh tiép tuyén ctia dd thi ham s6 tai mot
diem.
+ Trinh bay dugc ting dung dao ham vao giai bai toan vét ly.
+ Kining
+  Tinh dugc dao ham ciia ham sé tai mot diém, trén mot khoang béng cach dung dinh nghia.
+  Biét cach tim hé sd goc cua tiép tuyén va viét phuong trinh tiép tuyén ciia do thi ham sé tai
mot diém.

+  Van dung dugc dao ham vao giai bai toan vat 1i.
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I. Li THUYET TRONG TAM
1. Pinh nghia dao ham tai mot diém
Cho ham s0 y = f(x) x4c dinh trén khoang (a;b) va x, € (a;b).

Néu ton tai gioi han (hitu han) lim S(x)=f(x)

X=X X — xO

thi gidi han d6

dugc goi la dao ham cia ham s6 y=f(x) tai x, va ki hiéu la

/"(x,) c6 nghia la

Trong do
Ax=x-x, goila sb gia cua ddi sé x tai x,.
Ay = f(x)=f(x))=f(x+Ax)—f(x) goila s6 gia twong Ung
ctia ham sb.

2. Pao ham bén trai, bén phai

o+ _ 13 f(x)_f(xo).

775 = i =2
(e g £ ()7 ()
r)=lm =y

H§ qué: Ham £ (x) c6 dao ham tai x, khi va chi khi ton tai f"(x;)

va f'(xy ), dong thoi f'(x; )= f"(x;)-
3. Pao ham trén khodng, trén doan

-Ham s y = f(x) c6 dao ham trén (a;b) néu né c6 dao ham tai moi
diém thudc (a;b).
-Hams6 y = f(x) c6 dao ham trén [a;b] néu £ (x)

+ C6 dao ham tai moi x  (a;b);

+C6 dao ham tréi f'(b");

+C6 dao ham phai f'(a").
- N . N .., Chay:
4. Quan hé giira sy ton tai ciia dao ham va tinh lién tuc ciia ham so )
ol e . + New y=/(x) gidn doan
Néu ham s6 y = f(x) c6 dao ham tai x, thi né lién tyc tai x,.
, o . . tai x, thi n6é khong c6 dao ham
5. Y nghia hinh hgc cua dao ham

\ , \ 4 . 4.2 s 1A A oz , L4 tal x,.
Pao ham cua ham s6 y=f (x) tai diém x, la hé s6 goc cua tiep —
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tuyén M,T ciia do thi ham s6 tai diem M, (x,: f(x,))-
Phwong trinh tiép tuyén
Phuong trinh tiép tuyén cua d6 thi ham sé y=f (x) tai diém
M, (xo;f(xo)) ay-y, = f'(xo)(x_xo) trong d6 y, = f(xo)'
6. Y nghia vt li cia dao ham

+ Van tdc tie thoi : v(to) = s’(to);

(Sl(to )), ’

+ Cuong d6 dong dién tirc thoi: 1(z,)=0'(1,).

+ Gia toe: a(t,)=V'(t,)

SO PO HE THONG HOA

+Néu y=f(x) lién tuc tai
x, ¢6 thé khong c6 dao ham tai

X, -

Pao ham tai

mot diém

)= tim LD
(Ax:x—xo;Ay=f(x)_f(x0))

PAO HAM

e

Pao ham trai

f'(x’) = lim S)=/(x) ()= (x) .
. 0 % x—xo

A

{ Pao ham mét bén

/Bao ham trén mot khoﬁng\

Ham s6 y=f(x) ¢6 dao
ham trén (a;b) néu né c6

dao ham tai moi diém thudc

o L+
0 )=

Pao ham phai

\\\\\

(a;b)
\ | )

/Dao ham trén mot doan \
Ham sb y=f(x) c6 dao
ham trén [a;b] néu

Elf'(x),Vx S (a;b)
()

kHf’((f)

/
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/Phu’ong trinh tiép tuyén cua do thi hétm\

_[ Y nghia hinh hoc }

s6 y=f(x) tai diém M, (x,; f(x,)) 1a

y=yo=1"(%)(x—x)

Y NGHIA
CUA PAO
HAM

K k= f"(x,) 1ahé s goc ciia tiép tuyén

/

Vian tc tirc thoi

v(t)=5"(t);

Y nghia vat li

4 .
} Gia toc tic thoi

II. CAC DANG BAI TAP
Dang 1. Dung dinh nghia tinh dao ham

a(to)zv'(to);
\

Cuong do tire thoi

I(to) = Q,(to)
-

Bai toan 1. Dung dinh nghia tinh dao ham ham s6 tai mot diém

+ Phwong phap giaii

Buwée 1: Gia st Ax 1a s0 gia ciia doi sO x

tai diém x,. Tinh Ay = f (x, + Ax)— £ (x,)

. A
Budc 2: Lap ti s )
Ax

Buwdce 3: Tim lim Q
Ax—0 Ay

Vi du. Dung dinh nghia tinh dao ham cta ham s6
y=2x"+3 tai x,=2.

Huéng din giai

Gia sir Ax 1a s6 gia ctia d6i s6 tai x, =2.

Ta co:

Ay=f(2+Ax)- f(2)=2(2+Ax) +3-(22° +3)

=2Ax(Ax+4).

limﬂ =lim (2Ax+8) =8.

Ax—0 Ax Ax—0
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Vay f'(2)=8.

A
+ Néu lim & ton tai hitu han thi tai x,ham
Ax—0 A_x

s c6 dao ham f”(x,) —Llcn})i);

Ay
+ Néu lim == khong ton tai hiru han thi tai
Ax—0 A_x

x, ham s6 khong c6 dao ham.

4+ Vidu miu

. . : 2x-1 .
Vi du 1. Dung dinh nghia tinh dao ham cua ham s6 y = al tai x, =3.

x+1
Huéng din giai
Gia sir Ax 1a s6 gia ctia di s6 tai x, = 3.
23+Ax)-1 5 5+2Ax 5 3Ax

Taco: Ay=/(3+Ax)-f(3)= 3+Av+] 4 4+Ax 4 4(4+Ax)

Ay 3 3
Ax  Ax4(4+Ax) 4(4+Ax)
Do do limﬁzlim 3Ax = lim 3 :i.
a0 Ax - a0 Ax4(4+Ax)  4-04(4+Ax) 16
o £t 3

Vi du 2. Dung dinh nghia tinh dao ham cta ham s6 y =+2x—1 tai x,=1.
Hwéng din giai

Gia sir Ax 1a s6 gia cua doi so tai x, =1.

Ta co: Ay = f(1+Ax «/ 1+Ax 1—1——-
N2Ax +1+1

Ay 2Ax 2

Ax Ax(vV2Av+1+1) NS

lim & = fim—2 =1
A0 Ax A0 DAx+1+1
Vay f'(1)=

Vi du 3. Dung dinh nghia tinh dao ham ctia ham s6 y =sinx tai Xy =—

Hwéng dan giai
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P N A . , A X T
Gia str Ax 1a s0 gia cua doi sO xozg.

A—0 Ax A0

sin—
Do @6 lim ﬂ = lim cos (% +%j .

sin—
Vi lim 2 =1 nén limﬂzlimcos(£+gj:cos£:l.
=0 Ax Ax—0 Ax  Ax—0 3 2 3 2

2
1
Vay f'(%j =3

2
Vi dy 4. Chimg minh rdng ham s6 £ (x)= {(x—l) ,x20

khong c6 dao ham tai x =0 nhung c6 dao
-x%,x<0
hamtai x=2.

Hwéng din giai

Ta co
. 1 _ 2:.. :. _2: . .
lim f ()= lim (x-1)" =1 lim f () = lim (") =0 lim 1 (x) = lim f ().

Suy ra ham ) gian doan tai x =0 nén khong c6 dao ham tai do.

fim L 2HAN=S(2) e (A0 =8 Lo a2,

Ax—0 Ax Ax—0 Ax Ax—0

Vay ham s6 y = f(x) c6 dao ham tai x=2 va f'(2)=2.

, , . 3 \ £ 2x* + |x + 1| . . A , \
Vi du 5. Chitng minh rang ham s6 f (x) =———— lién tyc tai x =—1 nhung khéng c6 dao ham
x —
tai diém do.
Hwéng dén giai
Vi f(x) la ham sb so cép x4c dinh tai x=—1 nén né lién tyc tai do.

F-SE) 2w
x+1 oy x=1

(=1 ]= tim Al Gl ST
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Do d6 f'[(—1)*} " f'[(—1)’} nén £ (x) khong c6 dao ham tai x =—1.
Vi dy 6. Cho d6 thi ham s6 y = f(x) xac dinh 4

trén khoang (a;b) nhu hinh v&.

)
S

Dya vao hinh v& hiy cho biét tai mdi diém

X, Xy, X5, X,

a, Ham s6 ¢6 lién tuc khong? o

b, Ham sb c6 dao ham khong?

Tinh dao ham néu cé.

Huwéng din giai

a, Ham s gian doan tai cac diém X, x; Vi dd thi bj dut tai cac diém
d6. Ham s6 lién tuc tai x,,x, vi do thi 1a dwong lién nét khi di qua cac
diém do.

b, Tai cac diém x,,x, ham s6 khong c6 dao ham do ham sb gidn
doan tai cac diém X, X;.

Ham s6 khong c6 dao ham tai x, vi do thi bi gdy (khong co tiép
tuyén tai do).

Ham sb c¢6 dao ham tai x, va f’(x4) =0 vitai x, dd thi ham sb ¢
tiép tuyén va tiép tuyén song song véi truc hoanh (hé sé goc cua tiép
tuyén bang 0).

Bai toan 2. Dung dinh nghia tim dao ham trén mgt khoing
+ Phwong phap giai

Buwéc 1: Gia sir Ax 1 s6 gia cia d6isd x tai Vi du. Dung dinh nghia tinh dao ham cta ham

X, - sb y=x trén khodng (—o0;+00)?
Tinh Ay = f (x, +Ax) - £ (x,). Huwéng din giai
Ay Gia sir Ax 1a 6 gia ciia d6i s6 x.
Buée 2: Lap ti so —. .
Ax Ta co6:
2 2
Buée 3: Tim lim 2. Ay = f(x+Ax)=f(x) = (x+Ax) —x
Ax—0 Ax
, = 2Ax. .
e Him sé y=f(x) c6 dao ham trén At (Ax)
2
(a;b) néu né c6 dao ham tai moi diém Tj ¢4 Ay :M — 2y 4+ Ax.

Ax
trén (a;b).
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e Ham s6 y=f(x) c6 dao ham trén lim & _ lim (2x + Ax) = 2x

. , A—0 Ax - Ax—0 B ’

[a;b] néu no6 c6 dao ham tai moi diém

Vay f'(x)=2x.
thude (a;b) ddng thoi ton tai dao ham

trdi f'(b) vadao ham phai f'(a").

+ Vidu miu

Vi du 1. Dung dinh nghia tinh dao ham ctia ham s6 y = Ll trén cac
x —_

khoang (—o0;1) va (—1;+00)?
Hwéng din giai

Gid st Ax 1a so gia ciia doi sO x.

4 Ax _Ax
Tacd Ay:f(HAx)_f(x):xiJrAx—l_xil:(X+AX—1)(X_1)

Ay —Ax -1

Ax  Ax(x+Ax-1)(x-1) (x+Ax—1)(x-1)

lim 2 — lim - I
a0 Ax 400 (x+ Ax=1)(x=1)  (x—=1)}

Vay f'(x)= (x—l)z .

Vi du 2. Tinh dao ham ciia ham s0 y = cos x trén khoang (—o0;+00)?
Hwéng din giai
Gia str Ax 1a s6 gia ctia d6i s6 x.

Ta co: Ay=f(x+Ax)—f(x)=cos(x+Ax)—cosx=—2$in(x+%j.sin%

(oA A (O AY) L Ax

-2sin| x+— |.sin— sim| x+— |.siIn——

Ay _ 2 2 2 2
Ax

Ax Ax
2
) ( Ax) . Ax
sin| x+— |.sin—
limﬁ—lim— 2 2 =—sinx
M0 Ay A0 Ax B ’

2
Vay f'(x)=-sinx.
Bai toan 3. Tim diéu ki¢n ciia tham so6 dé ham so c6 dao ham

+ Phuwong phap giai
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Str dung tinh chat

Ham £(x) 6 dao ham tai x, khi va chi khi Vi du. Tim m d&hamso f(x)=1 x-1

ton tai f’(xg) va f’(xo’) ddng

f(x)=7"(x)-

+ Vidu miu
Vidy 1. Tima, b dé ham so f () :{

Huéng din giai

Ta

x* -1

khix#1
2m  khix=1
thoi
o co daohamtai x=1.
Huoéng dan giai
. . x -1
Ta co lxlilqu(x):lg} — =2, f(1)=2m.

Dé ham s ¢6 dao ham tai x=1 thi f(x) phai lién
tuc tai x=1, suy ra

1imf(x)=f(1):>2m=2:>m:1.

x—1
Thay m=1 vao ham sé f(x) théa man cé dao ham

x=1.

x> =3x khix>?2
ax+b khix<?2

c6 dao ham tai x =2

co
B _1: 2 — 9. T _
rll)rgf(x)—Vl:n;(x 3x) 2,}Lr?f(x) xlgg(ax+b) 2a+b
DPé ham sb c6 dao ham tai x =2 thi ham s6 lién tuc tai x=2.
Dodé 2a+b=-2=b=-2a-2.Talaico:
—f(2 2_
fim L) =S (2) gy, X 3w42 32 i (x-1)=1;
x—2* x—2 x—2* x—=2 x—2"
—-f(2 +b— (-2
tim L) Q) ax b= (2) g avebed
x—2" x=2 x—2" x—=2 -2 x=2
Do b=-2a—-2 nén lim ax+b+2 = lim ax—2a-2+2 = lim ax—2a =a
x»2"  x—=2 x—2" x—=2 x2" x—2

Dé ham sb c6 dao ham tai x =2 thi

i L) =S(2) S ()1 (2)

x—2" x—2 x—2" x—=2

Vi dy 2. Chimg minh rang ham s f(x)= {

Huéng dén giai
Ta co:

lim f(x) =lim cosx =1; lim f(x) = lim

x—0" x—0" x>0~ x—0"

a=1 a=1
P IS
b=-2a-2 b=-4

cosx, x=0 R ) . .
, khong c6 dao ham tai x=0.
—sinx, x<0

(—sinx):O: lirg} f(x) # lim f(x)

x—0"
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Suy ra ham ) gian doan tai x =0 nén khong c6 dao ham tai d6.
x_3 khix >1
Vidu 3. Tim a,b dé ham sb f(x)z 3 c6 dao ham tai x=1.
ax+b khix <1
Huéng din giai
Diéu kién can

va limf(x)z 1im(ax+b)=a+b.

1
x—1* 3 x—>1" x—1"

3
Tacé f(1)=§;1inqu(x)= lim(%jz
Dé ham s6 f(x) codaoham tai x=1 thi f(x) lién tuctai x=1.

Do d6 lim  (x) = limf(x):f(1)<:>a+b:§.

biéu kién du:

x> 1
f’(l*):hmf(x)_f(l):hm 33 Xt
x—-1* x—1 =1t x— x—>1* 3
f’(r)zhmf(x S _ iy LSO _ g r4b(avh)_ypavma
x—>1" x—l x>t x—l x—l1 x—l x—l1t x—l
P& ham s f(x) c6 dao ham tai x=1 thi f'(1")=f'(1 )<:>a—1:>b——§.

A Y U
Vay azl;b:—g thoa man yéu cau cua bai toan.

+ Bai tap tu luyén dang 1
Cau 1: S6 gia ciia ham s§ f(x)=x" tai diém x, =1 tmg véi Ax=11a
A. 0. B. 1. C.7. D. 9.

.2 A .
Ciu 2: Biéu thie Ay va Ey ctia ham s6 y =x* —1 tinh theo x va Ax 1a

A Ay=0, Yoo, B. Ay =(Ax) +2xAv, ¥ = Av+2x.
Ax Ax
C. Ay =2x.Ax+(Ax)’ -2, Yt D. Ay=(Ar), YA
Ax Ax
Cau 3: Dao ham ctia ham sd y=2x+1 tai diém x,=-11a
A.-1. B. 0. C.1. D.2.
CAu 4: Dao ham ctia ham sd y=x"—x tai diém x, la
A. f(%) = lim| (Ax)" - Ax . B. /(%)= lim | (Ax)' ~Ax—x,"+x, |
C. /(%) = lim [ 2x,Av+(Ax)’ - Ax]. D. f'(x,) = lim [Ax+2x,-1].
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Ciu 5: Dao ham ctia ham s6 y = x* + x tai diém x,=11a

A. 2. B. 3. C. 1. D. 4.

Cau 6: Cho hamsd y = ! Gis tri cia y'(2) bang
X
AL B. - c.l D. 2
4 x 2

Céu 7: Gi tri dao ham ciia ham s6 y =2x—1 tai diém x, =5 1a

A.9. B. 6. C. l D. l

3 6

Chu 8: Cho ham sé y = f(x)=x+|x|. Gia trj f"(0) béng

A.2. B. 0. C.-l. D. Khong ton tai.

) ¥ +1-1 Khi 0 .
Cau 9: Cho hamso f'(x) xac dinh boi f(x)= ¥ X#U Gia tri /'(0) bang
0 khix=0
A.0 B. I. C. % D. Khong ton tai.
sin® x
. khix>0 .
Cau 10: Dao ham cia ham s6 f(x)=1 x H tai x, =0 bang
x+x° khix<0
A. 1. B.2. C.3. D. 5.
3 2x’ +|x+1|

Céu 11: Cho ham s6 y = f(x) . Khang dinh nao sau day ding?

x—1

A.Hamso f(x) lién tuc va c6 dao ham tai x =-1.

x) lién tyc tai x =—1 nhung khong c6 dao ham tai x =-1.
C.Hamsd f(x) khong lién tuc tai x=-1.

(
B. Ham s6 f (
(
D. Hamsb f(x) c6 tp xdc dinh 1a R.

2x+3 khix>1

Cau 12: Pao ham ctia ham s F(X)=2+2x>—7x+4 . tai x, =1 bang
khix <1

x—1
A.0. B. 4. C.5. D. Khéng ton tai.
Cau 13: Dao ham ctia ham s6 y = ¢ (¢ 1a hang sd) trén khoang (—oo;+oo) bang

A. y'=0. B. y' =c. C.y =1 D. y'=x

CAu 14: Pao ham cua ham s y = f'(x) 1L trén céc khoang (—o0;0) va (0;+) bing
x

A,y =—. B. y'=0. C. )y =x D. y =——.
X X
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Cau 15: Pao ham cia ham s§ y = f(x) =+/x trén khoang (0;+) bang

A,y = ! B. )y’ 1 C. y'zx/;. D. y'=0.

—. y = .
Jx 2Vx
xt -4 .
Céu 16: Gia tri cia m déhamsd f(x)=4 x—2° Khix#2 6 dao ham tai x =2 bing
m khix=2
A. m=3. B. m=4. C. m=1. D. m=2.
X' +ax+b khix=>2

Céu 17: Cho ham s y = , biét ham s c6 dao ham tai diém x=2.
X —x*—8x+10khix<2
Gié tri ciia ab bang
A.2. B. 4. C. 1. D. -8.

xt -2+
A T 9 ——— khix>-1 | \ A s e \
CAau 18: Néu ham so f(x)z x+1 c6 dao ham trén Rthigiatri a+b 1a

ax*+ax+b khix<-1

A.-1. B. 4. C.1. D. -4

Dang 2: Tim hé s6 géc ciia tiép tuyén va viét phwong trinh tiép tuyén tai mét diém
+ Phuwong phap giai
Cho ham sb y = f(x) co dd thi (C) va diém Vi du. Viét phuong trinh tiép tuyén cia duong
—9,3 e S
M (x:3,) €(C). cong y=2x"+1 tai diém (-1;-1).

N Sy £ . Huéng dan giai
e HE sO goc cua tiép tuyén tai x, la g g

k=1"(x) lim 2 = tim

e Phuong trinh tiép tuyén ciia (C) tai diém

M (x45¥,) c6 dang:

y=vo=1"(x)(x=x,). =k=y'(-1)=3.

Phuong trinh tiép tuyén 1a

y+1=6(x+1)< y=6x+5.

Viét phuong trinh tiép tuyén khi biét hé s6
goc k cua tiép tuyén

+ Goi M (x,y,) 1a tiép diém, ta co
S'(x) =k (1)

+ Giai phuong trinh (1) tim x,, t do

Yo :f(x0)~
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+ Phuong trinh tiép tuyén phai tim c6 dang
y =k(x—x0)+yo‘
4+ Vidu miu
Vi du 1. Tim hé s goc cia tiép tuyén ciia parabol y =x* tai x=1.
Hwéng dan giai

Ta co lim
Ax—0

2 2
w: lim(2+Ax):2.
Ax Ax—0
Vay hé sé goc la k=)'(1)=2.

Vi du 2. Cho ham s6 y = x’. Tim hé s6 goc cua tiép tuyén tai giao diém ciia d6 thi v6i duong thang

y=3x-2.
Hwéng dan giai
Phuong trinh hoanh d6 giao diém cta d0 thi ham s§ y = x* va duong thang y=3x-21a

x3—3x+2=0<:>{ .
x=-2

3 3
Tai x=1 taco fim L) =) lim ((Ax)" +3Ax+3)=3.

Ax—0 Ax Ax—0

Hé s6 goc k= y'(1)=3.

(_2+AXA);_(_2)3 = lim ((Ax)z —6Ax+12) =12.

Tai x=-2 tacd lim
Ax—0

Ax—0
Hé s goc k, = y'(-2)=12.
Vi du 3. Viét phuong trinh tiép tuyén cta dd thi ham s6 y = —x’ tai diém c6 tung d6 bang 27.
Huéng din giai
Taco: y=27=x=-3.
Ay —(—3+Ax)3+27 _ )
lim =~ = lim = lim (~(Ax)’ +9Ax~27) = -27
A—0 Ay  Ax—0 Ax Ax—0

= k=y'(-3)=-27

Phuong trinh tiép tuyén y—27 =27 (x + 3) & y=-27x-54.

, <X s <X Ao R £ X SAo1A A . A A 1.3
Vi du 4. Viét phuong trinh tiép tuyén cua do thi ham so y = 1 biet h¢ so goc cua tiép tuyen bang
x —_—

1

-5
Huéng din giai

Goi M (x,;,) 1a toa do tiép diém. Ta co:
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. 4 . L 4
+ V61 x,=4 tacd y, = 3’ phuong trinh tiép tuyén tai (4;§j la

y:—é(x—4)+g<:>y=—éx+§.

) 2 v L,
+Vé1 x,=-2 taco y, :§,phuo*ng trinh ti€p tuyen tai (—2;%) la
1 2 1 4
=——(x+2)+-y=——x+—.
yeglrryoysmgag
Vi du 5. Ching minh ring dé dudng thing (d): y=ax+b 1 tiép tuyén cua d6 thi ham sb

(G):y=f(x) taidiém (x,; f(x,)) thi diéu kién cin va du 1a {Z}Z f ;)(io])((xo).
Huéng din giai
Duong thing y =ax+b 1a tiép tuyén cua do thi (G):y = f(x) tai diém (x,; f(x,)) khi va chi
khi déng thoi xay ra
e (d) va (G) cingdi qua diém (x,; f(x,)) thc1a ax, +b=f(x,).

o Hésb goc cua (d) bang dao ham cia f tai x,, thc la a = f'(x, ).

Twr d6 suy ra di€u can chung minh.

+ Bai tip tu luyén dang 2
Cau 1: Cho d0 thi clia ham s6 f(x) trén khodng (a;b). Biét ring tai cac diem M ;M,; M, d6 thi ham

sb ¢6 tiép tuyén dugc thé hién nhu hinh v&. Dya vao hinh v& hay xét ddu cua f'(x,), £'(x,), /()

A. f(%)<0,1"(x,)=0, f"(x;)>0. B. f'(x,)>0,f"(x,)=0,1"(x,)<0.
C. /'(x)=0,1"(x,)>0, f"(x;)<0. D. /'(x,)<0,1"(x,)>0,/"(x;)=0.
4y
M,

7'Y’fz/‘\fs By

a;x1%o \MS\/ ‘
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A \ < A A 5 A . \ A 1 + g: A r \ A 1
Cau 2: Vit phuong trinh ti€p tuyén cua d6 thi ham s6 y =— tai di€m c6 hoanh d6 1a -1.
X

A. x+y+2=0. B. y=x+2.

C.y=x-2. D. y=—x+2.
Céu 3: Tiép tuyén ctia d0 thi ham s& y =—x>+3x—2 tai diém c6 hoanh d6 bang 2 song song v&i dudng
thang y=ax+b.Giatri a+b bang

A.S. B. 6. C.4. D. -1.

A <A \ s A A 5 A 1 A 1 s A A A r 5 s A A M 1
Cau 4: Viét phuong trinh tiép tuyén ctia @6 thi ham s6 y =— biét hé s0 goc cua tiép tuyén bang s
X

A. x+4y-1=0va x+4y+1=0. B. x+4y-4=0va x+4y+4=0.

1 1 1
C.y=—x-4vay=——x+4. D. y=——x.
4 4 4 4 4 4

A Y Y £, ) 1 .
Cau 5: Hé s6 goc cua tiép tuyén cuia parabol y = x* tai x = 5 la

1 1

A. 0. B. 1. C.Z. D. 5
Ciu 6: Hé sd goc cua tiép tuyén cia parabol y=x’ tai giao diém cua parabol v6i dudong thang
y=3x-2 bing

A.1va2. B.1va4. C.2va4. D.1va3.

Cau 7: Phuong trinh tiép tuyén ciia dudng cong y =x" tai diém (-1;-1) 1a

A. y=-3x—-4. B. y=-1. C. y=3x-2. D. y=3x+2.
Céu 8: Phuong trinh tiép tuyén cta duong cong y = x° tai diém c6 tung d6 bang 8 1a

A. y=—-12x+16. B. y=8.

C. y=12x-24. D. y=12x-16.

iy ‘o . | A 13 \
Cau 9: Phuong trinh ti€p tuyén cua duong cong y =— tai diém c6 hoanh d¢ bang -1 la
X

A. x+y+2=0. B. y=x+2.
C.y=x-2. D. y=—x+2.

Dang 3. Ung dung dao ham trong vit Iy
+ Phwong phap giai
s(t+Ar)—s(t) Vi du 1. Mét vat roi ty do c6 phuong trinh

Van tdc trung binh: v, = A
t

chuyén dong s = %gt2 , trong d6 g =9,8m/s*> va

t duge tinh bang gidy.

a, Tinh van tdc trung binh cua chuyén dong trong
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Van téc tire thoi: v(¢,)=s"(t,)

Cuong d¢ tirc thoi tai thoi diém #, cia mot

dong dién voi dién luong 0=0(7) la

khoang thoi gian tir + dén 7+ A¢ trong truong hop
At=0,1var=3.

b, Tinh vén tdc tac thoi cia chuyén dong tai thoi
diém ¢=>5s.

Huéng din giai

a)
1 2 2
Cs(tran)-s(r) L 8lrA) St
Y At - At
_gr+ighl
=& 2g .

V6i Ar=0,1 va t=3 thi
v, =9,8.3+%.9,8.0,1 ~28,89(m/s).
b,

;g(5+At)2 —;g.s2

. As .
lim — = lim
A—0 At At—0 At

= BLI%(Sg +%gAtJ =49;
v(5)= s'(S) = 49(m/s) .

Vi du 2. Cho biét dién luong trong mot day din
theo thoi gian biéu thi boi ham sé Q=6t+5 (¢
dugc tinh bang gidy, O duoc tinh bing
Coulomb). Tinh cuong do ctia dong dién trong
day dan tai thoi diém ¢ =10.

Huéng din giai

Vi Q'(t)=6 nén cuong do dong dién trong day

din tai thoi diém £=10 1a 7(10)=Q'(10) =6.

Vi dy 1. M6t chét diém c6 phuong trinh chuyén dong 1a s= f(t)=¢+¢+6 (¢ dugc tinh

bang gidy, sduoc tinh bang mét). Tinh van tdc tirc thdi cta chuyén dong tai thoi diém

Hwéng dén giai
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Trang 16



Ta co: lim

-1,

_ £ 4+1+6—(1+1,+6
f(tz tf(l‘))zlim o t(: ThT )=lim(t+t0+1):2t0+1.
—1, -1y _ t—>t,

Vay f'(1,)=2t,+1.
Van tdc tirc thoi ciia chuyén dong tai thoi diém =2 1a
v, = £'(2)=22+1=5(mss).
Vi du 2. Cho chuyén dong xac dinh bai phuong trinh S =£* —3¢> —9¢+1, trong d6 ¢ dugc
tinh bang gidy va S dugc tinh bang mét. Tinh gia toc tai thoi diém van toc triét tiéu.
Hwéng dén giai

Ta co

- £ =32 —-9t+6—(t> -3t -9, +6
f(tg tf(to) . (0 0 0 )=3t02—6t0—9;

-t t—t,

(3t — 61— 9)t t3t02—6t0—9):6t0_6_

0

Do d6 a =v'=—-6t,+6.
Khi van téc triét tiéu ta c6 v(t)=0< 3 —61-9=0<>1=3.

Khi d6 gia toc 1a a(3)=6.3-6=12m/s’.
Vi du 3. Cho biét dién luong trong mot diy din theo thoi gian biéu thi boi ham sb

0=3>+8t+2 (¢t dugc tinh bang gidy, Q duoc tinh bang Coulomb). Tinh thoi diém

cuong do ciia dong dién trong day dan 7 =504 .
Hwéng dén giai
Ta co:
- f(t 32 +8t+2—(3t,” +8t,+2
im =/ () (31" +810+2)

11, t—t, -1, t—t,

=1lim (3¢ + 3¢, +8) = 61, +8.

t—t,

Vay Q'(t)=6¢+8. Do d6 ta c6 phuong trinh
I=0'(1)=61+8=50 (4)=>1t=7 (s).
+ Bai tip tu luyén dang 3
Céu 1: Mot chuyén dong c6 phuong trinh s(¢)=¢’—2¢+4 (trong d6 s tinh bdng mét, ¢ tinh bang

gidy).Van tdc tirc thoi ciia chuyén dong tai ¢ =1,5 (gidy) la
A. 6m/s. B. Im/s. C. 8m/s. D. 2m/s.

Céu 2: X¢ét chuyén dong c6 phuong trinh s (t) = 6sin[3t +%j trong d6 ¢ duoc tinh bang gidy, va s

duoc tinh bé'mg mét. Van tde tirc thoi tai thoi diém ¢ cua chuyén dong la
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A. v(t)=18cos(3t+%j. B. v(t)=—18cos(3t+%j.

C. v(t)=6cos(3t+%j. D. v(t)=—6cos(3t+%).

Cau 3: Mot chit diém chuyén dong c6 quing duong dugc cho boi phuong trinh
1 5 : . ) .
S(t) =Zt4 -t +Et2 +10¢z, trong @6 ¢ >0 voi ¢t duge tinh bang gidy (s) va s dugc tinh bang mét

(m). Héi tai thoi diém gia tdc cua vat dat gia tri nho nhét thi van tdc cta vat béng bao nhiéu?
A. 1m/s. B. 3m/s. C. 16m/s. D. 13m/s.

Cau 4: Mot chat diém chuyén dong c6 phuong trinh s(¢)=1¢" +%t2 —6¢, trong d6 ¢ dugc tinh bang

gidy, s dugc tinh bing mét. Gia toc ctia chat diém tai thoi diém van toc bang 24m/s 1a

A.20m/s>. B. 12m/s”. C.39m/s>. D. 21 m/s*.
Cau 5: Cho chuyén dong thang xac dinh boi phuong trinh S =—£* +3¢> +9¢, trong d6 ¢ duogc tinh
bang gidy va S duoc tinh bang mét. Tinh vén tdc tai thoi di€m gia toc bi triét tiu.

A. 11m/s. B. Om/s. C. 12m/s. D. 6m/s.
Céu 6: Mot chat diém chuyén dong theo quy luat s(t)=—1>+6r*voi t 1a thoi gian tinh tir luc bat dau
chuyén dong , s(¢) 1a quang dudng di dugc trong khodng thoi gian . Thoi diém ¢ tai d6 dat gid tri
16n nhat bang

A, t=3. B. t=4. C.t=1. D.t=2.
Cau 7: Mot vat gaio dong diéu hoa c6 phwong trinh quing dudng phu thudc thoi gian

s = Asin(a)t + qz)) ,trong 40 A4, ®, @ 1a hing sd, ¢ 1a thoi gian. Khi d6 biéu thirc van tdc cia vat 1a
A. v=Acos(wt+9). B. v=—Awcos(ot+p).
C. v=Awcos(wt+¢). D. v=—Acos(wt+9¢).

Céu 8: Cho biét dién luong cua mot ddy dan theo thoi gian biéu thi boi ham sé Q=3¢ +61+5 (¢
duogc tinh bang gidy, O duoc tinh bang Coulomb). Cudng d6 cua dong dién trong diy dan tai thoi
diém ¢ =2 bang

A. 16 A. B. 18 A. C.7A. D. 4 A.
Cau 9: Tomahawk 1a tén Iira hanh trinh c¢6 kha nang mang dau dan hat nhan, duoc phong di tr cac hé
thdng phong mit dat. Gia sir rang Tomahawk (khong gin véi dong co) duoc ban 1én cao theo phuong
trinh s(7) =196 —4,9¢> trong d6 ¢ 1a thoi gian (¢ >0, don vi gidy) va s(¢) 1a khoang cach cua tén
lira so v6i mat dat duoc tinh béng kilomet. Khoang cach cua tén Itra so véi mat dét tai thoi diém véan
toc bang 0 bang bao nhiéu?

A. 1069. B. 1960. C. 1690. D. 1906.
Cau 10: Mot chat diém chuyén dong c6 phuong trinh S = 2¢* + 61> =3¢ +1 véi ¢ tinh bang gidy (s) va

S tinh bang mét (m). Hoi gia téc ctia chuyén dong tai thoi diém ¢ =3 (s) bang bao nhiéu?

A. 228 m/s*. B. 64 m/s*. C. 88m/s*. D. 76 m/s*.
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PAP AN VA LOI GIAI BAI TAP TU LUYEN DANG 1
1-C |2-B [3-D [4D |5B |6-A |[7-C |8D |9-C |10-A
11-B | 12-D [13-A |[14-D |15-B |16-B |17-D |18-B

HUONG DAN GIAI CHI TIET
Ciu 1.
Taco Ay=f(2)-f(1)=2°-1=7.
Ciu 2.
Taco Ay = f(x+Ax)— f(x) = (x+Ax) —1-(x" —1) = 2xAr +(Ax)'; %—2x+AX
Ciu 3.
Tacod Ay=2(-1+Ax)+1-(2(-1)+1)= 2Ax:>% 2.Suy ra hm%_m)z 2.
Vay y'(-1)=2.
Cau 4.

Xéthamso y = f(x)=x"—x. Goi Ax 1as0 gia cua doi so tai x,.

Taco Ay = f(x, +Ax)—f(x0)=[(x0 +Ax) —(x, +Ax)]—[x02—x0]=(Ax)2 +2x,Ax — Ax.

Suy ra lim A— = lim (Ax+2xo —1)

A0 Ax Ax—0
Vay f'(x,)= gmo(Ax+2x0 ~1).
Cau 5.

Taco Ay = f(1+Ax)— f (1) =(1+Ax) +(1+Ax) = (1" +1) =3Ax + Ax’; suy ra

lim 2 = fim (3+ Ax) =3,

A—0 Ax A0

Cau 6.
24Ac 2 (2+4Ax)2  Ax (2+Ax)2° A0 Ay AH0(2+Ax)2 4
1
Vay y'(2)=——.
ay v'(2) 2
Cau 7.
Tac()Ay:f(5+Ax)—f(5):\/9+2Ax—3;suyra%:—%AH,.
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2
Dodo lim 2 = fim 2 +t2A=3 2 1

A0 Ax AHOAX( /9+2Ax+3) M0 9 Ar+3 3

Ay 1
Vay )'(5) =3
Cau 8.
Ta cé:
lim LSO xd o wex o tim LSO SR L P
x—0" x—0 =0t x =0t x x—0" x—=0 =00 X =00 X
Viay ham s6 khong ton tai dao ham tai x,=0.
Cau 9.
— 2 —
Ta co: f’(O)zlimf(x) f(O): im Y~ +21 1zlim ! :l.
x—0 x_o x—0 X x—0 m_'_l 2
Cau 10.

. 2 .
Taco lim £ (x)= lim >—= = lim [smx.smxj =0;lim () = lim (x+x*) =0 nén ham s4 lién
x—0" x—0"

tuc tai x =0.
Tttty L Oy S0 gy LSOy 0
Vay f(0)=1.
Cau 11.
2x7 +[x+1]

Hamsb y=f(x)= c6 tap xac dinh 1a D=R\{1}.

o ) 2x2+|x+l| N A )
Ta co llmlf(x): hrnl—lz—l:f(—l) nén ham so lién tuc tai x =—1.

X X—>— xX—

2x+1 khix <-1
Taco v= /(x) 22 +fu+l] |7 ”‘ .
acd y=f(x)=—-"-——= _ nén
x—1 L’;”khlp—l,xil
x_

f(x)=f(-1) . 2x+1-(-1)

lim ————~= lim ——————~==2va
i R ) R
M_(_l)
lim f(X)—f(_l): lim x—1 = lim i:l
xo(-1)" X — (—1) x—(-1)" x+1 x>(-1) X -1

\ - (-1 .
Vay khong ton tai lim M . Do @6 ham s6 khong ¢6 dao ham tai x =—1.

SRS

Cau 12.
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Taco lim f(x)=1lim(2x+3)=5

x—-1" x—-1"

3 2
fim £ (x) = lim = t2x —Tx+4 = lim (x* +3x-4)=0

x—1" x—1" x—1 x—1"

Suy ra lim f(x)# lim £ (x) = ham s6 khong lién tuc tai x=1 nén ham s khong c6 dao
x—1* x—>1"

ham tai x, =1.

Cau 13.
Taco lim f(x+Ax)_f(x)=1im£=1im0=0:>f’(x)=0.
Ax—0 Ax A0 Ax Ax—0
Cau 14.
1 1
Taco tim ZUFATS () xede w7 - L vy ()=
Av—>0 Ax Av—0 Ax Av—0 (x + Ax) X X
Cau 15.
Ta co
fim O =S () o NreAv o L LN S
Ax—0 Ax Ax0 Ax o0 Jx 4 Ax++/x 2% 2x
Cau 16.
x x4
Ta dé dang ching minh dugc lirr21 5 =4,
xX—> X —

D¢ ham so lién tyc tai x =2 thi lim f(x) = f(2) =4 & m=4.

Mit khic lim? (x)-/(2)

x—2 x_z x—2 x_2

Vay v6i m=4 thi ham s6 da cho c6 dao ham tai x=2.
Cau 17.
Dé ham s6 c6 dao ham tai x =2 thi ham sb phai lién tuc tai x=2.

Do d6 lim(x3—x2—8x+10)= lim(x2+ax+b)<:>—2=4+2a+b<:>2a+b=—6.

x—2" x—2*

Ham s6 ¢6 dao ham tai diém x =2 nén

T G C NSRRI O
x—2" x—=2 x—2" X —

Suyra a=2.Vay ab=-8.
Cau 18.
Véi x#—1 ham s6 luén c6 dao ham nén dé ham s6 c¢6 dao ham v4i moi x € R thi ham so6

phai c¢6 dao ham tai x =-1.
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4 2
, . x =2x"+1 . O A 1 . \
Tacoéd: lim ——— =0; lim (ax2 +ax+b) =b. D¢ ham s0 lién tuc tai x =—1 thi
x—>-1" x+ x—>-1"

limf(x)zlir?f(x)zf(—l)=0<:>b=0

x—l1*
Véi b=0;aeR, ta co:
x-2x"+1

G A ) Iy S Y €9 o )

x——1* x—(—l) x>—1* x+1 x>—1" x—(—l) x——1" x+1

Ham sd ¢6 dao ham tai diém x =0 khi va chi khi:

lim S(x)-7(0) lim S(x)-f(=1)

4= a=—4.
S (o) et x—(-1) =4

Viay a=-4,b=0=a+b=-4.

PAP AN VA LOI GIAI BAI TAP TU LUYEN DANG 2
1-C |2-A |[3-A |[4B |5B |6-C |7-D |[8D |9-A

HUONG DAN GIAI CHI TIET
Cau l:
D0 thi ham s6 c6 tiép tuyén tai cac diém M,;M,; M, nén ham sé f(x) c6 dao ham tai céc
diém x,,x,,x,.
Dua vao d6 thi ta théy:

+) Tiép tuyén tai diém M, 1a mot dudng thang song song véi truc hoanh nén hé sb goc ciia
tiép tuyén bang 0. Suyra f(x,)=0.
+) Tiép tuyén tai diém M , 1a mot duong thang di tir trai sang phai nén hé s goc cua tiép
tuyén 1a mot s6 duong. Suy ra f”(x,)>0.
+) Tiép tuyén tai diém M , 1a mot duong thang di xudng tir trai sang phai nén hé sb goc cua
tiép tuyén 1a mot s6 Am. Suy ra f'(x,)<0.

Cau 2.

Tacod x=—1=y=-1.Khidé fim 2 = lim ! =-1=k=y'(-1)=-1
A0 Ay M0 —]14+ Ax

Phuong trinh tiép tuyén: y = —x—2.

Tacé y, = y(2)=—4. Hé s6 gbc ca tiép tuyén la
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y(2)=timd S Q) g 230204 5y

x—2 x—2 x—2 x—2 x—2

Phuong trinh tiép tuyén tai diém c6 hoanh do bang 2 1a y=-9x+14. Vay
a=-9b=14=a+b=>5.
Cau 4.
Goi M (x,;y,) 14 toa do tiép diém
1imﬂ=hm_—1=—i2;
Ax—)OAx Ax—)O(xo+Ax)x0 xo
I 1 N e X . 1 N 1
Véi xo=2:>y0=E,phuorngtrlnhtleptuyental 2;5 la y=—2x+1<:>x+4y—4:0.

Vi xy=-2=y, = —%, phuong trinh tiép tuyen tai (—2; —%) la

yz—lx—1c>x+4y+4=0.

GMXJZ_@T  lim (14 Av)=1.

Ax—0 Ax Ax—0
A A 7 ’ 1
Héso goc k=y (Ejzl.

Cau 6.

\ X
Phuong trinh hoanh do giao diém: x* -3x+2=0<& {

2 2
Tai le:lim(1+Ax) _() :11m(2+Ax):2
Ax—0 Ax Ax—0
Hé s6 goc k, = y'(1)=2.
2 2
Taix=2:1im(2+Ax) —(2) = lim (4+Ax) =4
Ax—0 Ax Ax—0

He s6 goc k, = y'(2)=4.
Cau 7.

. Ay . ’
lim = = lim (3-3Ax+ (Ax)") =3 = k= y/(-1) =3.

Ax—0 Ax

Phuong trinh tiép tuyén: y+1=3(x+1)< y=3x+2.
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lim & = lim (12-+6Ax +(Ax)’ ) =12

Ax—0 Ax Ax—0
=k=y'(2)=12
Phuong trinh tiép tuyén: y-8=12(x-2) < y=12x-16.

Cau 9.

Taco x=—1=y=-1.

limgzlim ! =—1:k=y'(—l)=—1,
A0 Ax A0 —] 4+ Ax

Phuong trinh tiép tuyén: y = —x—2.

PAP AN VA LOI GIAI BAI TAP TU LUYEN DANG 3
I-B |2-A [3-D |[4D |5C |6-D |[7-C |8B |9-B 10- A

HUONG DAN GIAI CHI TIET

Cau 1.
Bing dinh nghia tinh dugc s'(t)=2t-2. Vén tdc tirc thoi cta chuyén dong tai thoi diém
t=1,5(gidy) 1a v(1,5)=+s'(1,5)=2.1,5-2=1(m/s).

Cau 2.

Bing dinh nghia tinh dugc s'(1)=18 cos(3t +%)

Van tdc tirc thoi tai thoi diém ¢ cua chuyén dong 1a v(t)=s'(¢t)=18cos (3;‘ + %j
Cau 3.

Vian tbc cua chuyén dong chinh 14 dao ham ciia mot quing dudng:

Bing dinh nghia tinh dugc v()=¢ -3¢ +5¢+10.

Gia toc ctia chuyén dong chinh 12 dao ham cp hai cta quing dudng:

Bing dinh nghia tinh dugc a(t)=3t" -6t +5

Taco a(t)=3"—61+5 :3(t—1)2 +2>2 v6imoi t. Ddu “="xay rakhi t=1.

Khi d6, vén toc cia chuyén dong 1a v(1) =13 (m/s).

Cau 4.

Van tdc cua chuyén dong chinh 14 dao ham cip mot ciia quang duong:
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Bing dinh nghia tinh dugc v(¢)=s'(¢)=3"+9—6=24=1=2(s).
Gia toc ctia chuyén dong chinh 1a dao ham cp hai cia quing dudng:
Bang dinh nghia tinh dugc a(t)=s"(t)=6t+9=a(2)=21(m/s’).
Cau S.
Van toc cua chuyén dong chinh 14 dao ham cip mot ciia quing duong:
Bing dinh nghia tinh dugc v=S"=-3¢> +61+9.
Gia toc ciia chuyén dong chinh 1 dao ham cip hai cta quing duong:
Bang dinh nghia tinh duoc a =v' = 8" =—6¢+6
Gia tc triét tieu khi S"=0<r=1.
Khi d6 vén toc clia chuyén dong 1a S'(1) =12 mys.
Cau 6.
Van tdc ctia chuyén dong chinh 1a dao ham cip mot ciia quing duong:
Bing dinh nghia tinh dugc v(¢)=s'(¢)=-3r* +12¢ =-3(t -2)’ +12 <12,
Déu bang xay ra khi ¢ =2. Vay v(t)mX St=2.
Cau 7.
Van tdc cua chuyén dong chinh 14 dao ham cip mot ciia quang duong:
Bing dinh nghia tinh dugc v=1s'= (A sin (@t + ga)), = Aot + (p)' cos(wt + @)= Awcos(wt + ).
Cau 8.
Bing dinh nghia tinh dugc Q'(¢) =6t +6.
Cuong d9 clia dong dién trong day dan tai thoi diém t=11a /=0'(2)=6.2+6=18(4).
Cau 9.
Vin tbc cua chuyén dong chinh 1 dao ham cip mot cua quing duong:
Bing dinh nghia tinh dugc v(t) = s’(l) =196-9,8t= v(t) =0ct= 20(s).
5(20)=196.20-4,9.20% =1960.
Cau 10.
Van tc cia chuyén dong chinh 14 dao ham cdp mot cua quing duong:
Bing dinh nghia tinh dugc v(¢) = (S(t))' =81 +12¢-3.
Gia toc cta chuyén dong chinh 13 dao ham cép 2 cia quéing duong:

Bang dinh nghia tinh dugc a(f)=S5"(¢) =241 +12=> a(3) =243’ +12 = 228(m/s’ ).

Vay gia toc clia chuyén dong tai thoi diem ¢=3(s) la 228m/s’.
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