CHUYEN DPE VECTO TRONG KHONG GIAN
QUAN HE VUONG GOC TRONG KHONG GIAN
BAI GIANG VECTO TRONG KHONG GIAN
HAI PUONG THANG VUONG GOC
Muc tiéu
% Kién thic
+ Trinh bay duoc céc tinh chat, quy tac biéu dién vecto.
+ Phat biéu dugc tich vo hudng cua hai vecto, goc giira hai duong thing.
+ Kining
+ Chimg minh dugc cac dang thirc vecto, biéu dién dugc vecto theo cic vecto khong tring
phuong véi nd.
+ Ném dugc phuong phap chirng minh sy cing phuong cia hai vecto, tim duoc diéu kién cua ba
vecto ddng phang.
+ Tinh dugc goc giira hai duong thang. Van dung duoc tich vo hudng cta hai vecto dé giai cac

bai toan.
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I. Li THUYET TRONG TAM
A. VECTO TRONG KHONG GIAN
Cac dinh nghia
a) Vecto 1a mot doan thing c6 hudng (c6 phan biét
diém dau va diém cubi).
+) Ky hiéu vecto: 4B (diém dau 1a 4, diém cudi 1a B) hay

Ay X, Y, ...
+) Do dai ciia vecto 1a khoang cach giira diém dau va diém
cudi cia vecto do.
+) Gia cua vecto 1a duong thiang di qua diém dau va diém
cudi cua vecto do.
b) Vecto — khong 1a vecto ¢ diém dau va diém cudi
trung nhau.
¢) Hai vecto dugc goi la cung phuong néu gia cua
chung song song hodc trung nhau.
d) Hai vecto cung phuong thi cung hudéng hoac nguoc
huong.
) Hai vecto bang nhau 14 hai vecto cing huéng va cd
cung 36 dai.
f) Hai vecto d6i nhau 1a hai vecto nguoc hudng
nhung c6 cung d¢ dai.
Cic quy tic tinh toan véi vecto
g) Quy tic ba diém (v6i phép cong)
AB+BC = AC
h) Quy tic ba diém (vé&i phép trir)
OB—-0A= AB
i) Quy tic hinh binh hanh
Néu ttr gidc ABCD 14 hinh binh hanh thi AB+ AD = AC .
j) Quy tic hinh hop. Néu ABCD.A'B'C'D' 1a hinh
hop thi
AC'= AB+ AD + A4’
k) Phép nhan mét sb k voi mot vecto a.
Taco ka la mot vecto duoc xac dinh nhu sau.

+ cung hudng voi a néu £ >0.

Sw cung phwong cua hai vecto

° va b#0 cung phuong

° va b0 cung huong
< JkeR :a=kb
e a va b#0 nguoc huwong

< 3IkeR :a=kb
e Ba diém A B C
< IkeR:AB=k.AC

Quy tdc ba diém (md réng).

thang  hang

AX, + X X, + X, X,..+ X,

X +X B=AB.
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+ nguoc hudng v6i a néu k<0.
+ 06 do dai |kka| =[k||d]
Mot s6 hé thire vecto hay dung

1) Hé thic vé trung diém cta doan thiang
I 1a trung diém cta doan thang AB = IA+1B=0
OA+OB =201 (v6i O 1a mot diém bat ky).

m) He thirc vé trong tim ctia tam giac
G la trong tdm cua tam giac 4BC < GA+GB+GC =0
& OA+O0B+0C =30G (v6i O 1a mot diém bét ky)
o AG = %W (v6i M 1a trung diém canh BC).

n) He¢ thuc vé trong tam cua tu di€n
G la trong tam cua ti di¢n ABCD

& GA+GB+GC+GD =0

< OA+0B+0C +0D =40G (vé6i diém O bit ky)

< AG = %E‘P (v6i A’ 1a trong tam ctia ABCD)

< GM+GN =0 (véi M, N 1a trung diém mét cap canh
dbi dién).
Sw dong phing ciia ba vecto

o) Dinh nghia
Trong khong gian, ba vecto dwoc goi 1a dong phing néu
gi4 ctia chiing cung song song voi mot mit phing nao do.

p) Diéu kién dé ba vecto dong phang
Trong khong gian cho hai vecto a,b khong cung phuong
Vi vecto c.
Khi d6, a,b va ¢ ddng phang khi va chi khi ton tai cip sb
(m;n) sao cho c=ma+nb (cap sb (m;n) néu trén 1a duy
nhét)

q) Phédn tich mot vecto theo ba vecto khong dong

phing

Cho ba vecto a,b va ¢ khéng dong phing.

Véi moi vecto x, ta déu tim dugc duy nhat mot bd so

H¢ qua

Néu cé mét mdt phang chira vecto ndy dong
thoi song song voi gia cua hai vecto kia thi
ba vecto dé dong phang.

Ung dung:

Bén diém phan biét A, B, C, D dong phang
& AB, AC, AD

dong phing < AB=m.AC +n.AD

Chii y:
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(m;n;p) sao cho x=m.a+nb+ p.E Binh phwong vo hudng cua mét vecto:
~2 =2
Tich v6 hwong cia hai vecto a = ‘a‘
a) Néua=0vab=0 thi ab= \a\.\i)\.cos(a,z?)

b) Néu a=0 vab=0 thi ab=0

M5t s6 ing dung ciia tich vé huéng

a) Néua#0vab#0tacoalbeab=0

b) Coéng thirc tinh cdsin cua goc hop bdi hai (/E”‘,‘\
%
LY
L
\
A
&

vecto khac 0.
ab
-
¢) Cong thic tinh do dai cia mot doan thing x Yy
AB =[4B|= JaE

B. HAI PUONG THANG VUONG GOC

cos(a,l;) =

Nhin xét:

Goc giira hai vecto t khé i (- ,
o¢ gitra hat vecto trong Khong glan a) Néeu a la vecto chi phwong cua dwong

Pinh nghia: Trong khong gian, cho u va v 13 hai vect , .
Hh ngna: trong Xhong glan, cho u va v A MAVECIT ing d thi vecto ka véi k=0 cing la

khac 0. Lay mot diém A bat ki, goi B va C 1a hai diém sao vecto chi phirong ciia d.

cho AB=u,AC=v. Khi do ta €01 b) Mot dwong thang trong khong gian hodn
@(OO <BAC< 180°) la géc gitra hai vecto u ova v toan xdc dinh neu biet mot diem A thuge d
va mot vecto' chi phuong a ciia né.

trong khong gian, ki hiéu 1a (u,v :
rong Xhong glan, i fugu ta (u,v) ¢) Hai dwong thang song song voi nhau khi

Vecto chi phuong ciia duong thing va chi khi chiing la hai dwong thang phdn
Vecto a khac 0 dugc goi la vecto chi phuong cta duong ~ biét va c6 hai vecto chi phwong cing
thing d néu gia ciia vecto @ song song hodc tring véi  PUONg.
duong thang d. Chi ¥. Gia sir u,v lan luot la vecto chi

phwong ciia dwong thang a va b.

=il

//,/ Dat (1?!,;’)205.
d

Khi do (/\b) (24 khi 0°<a <90°
1do \a, =
180°—a khi 90° < ¢ <180°

+) Néu a//b hodc a=b thi (a,b)=0°.

+) 0°<(a,b)<90°.
Géc giira hai dwong thing
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Goc giita hai duong thang a va b trong khong gian 1a goc

giita hai duong thang &' va b’ cung di qua mot diém va Nhdn xét

1an Iuot song song véi a va b. a) Néu hai dwong thang a, b lan luot c6 cdc
/ vecto chi  phuong u,v thi
b albouy=0.
a’ allb
b’ b) =clb
=5 cla

Hai dwong thing vudng géc
Pinh nghia: Hai duong thang duogc goi 1a vudng goc véi
nhau néu goc giita chung bang 90°.
Ki hiéu: Puong thing a va b vudng goc v6i nhau ki hiéu
laalb.
SO PO HE THONG HOA

thang c6 hudng

ab | =P
cﬁrf hudng 4= Pinh nghia Do dai cua vecto 1a

. — khoéng cach gilta ‘—‘ _
H‘a1 vecto duc_rc(gol'lra ﬂ‘ diém dau va diém AB|= 48
cuing phuong néu gia cudi cia vecto do
cua ching song song
hodc tring nhau.

v _ _
ab | WPl (G
ngugc huong d6i nhau
it VECTO
— TRONG
Mot so hé thirc vecto R Cac phép toan
trong tim KHONG vecto

L GIAN

Vecto 1a mot doan} ; AB 1

Vecto — khong 1a vecto c6 diem
dau va diém cuoi trung nhau.

I1a trong tdm cua hé n diém

A Ay A, AB+BC =AC

Quy tic 3 diém:

|

<:>1711+E+...+1An =0

OB-0A= 4B

Phép tru: ]

A

. , . Sw dong ding
¢ dong phéang khi va chi khi ton tai ciia ba vecto

,b khong cung phuong thi a,b va

B~

cip sb (m;n) sao cho ¢ =ma+nb AB+AD = AC

E\Iéu ABCD 14 hinh binh hanh thi }

{ Néu ABCD.A'B'C'D' 14 hinh hop thi

AC' = AB+ AD + AA’
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II. CAC DANG BAI TAP
Dang 1: Vecto trong khong gian
Bai toan 1. Xac dinh vecto va chitrng minh dzzmg thirc vecto
4+ Phwong phap giai
Véan dung céc kién thtrc sau.
e Dinh nghia cac khai niém lién quan dén vecto;
e Tinh chit hinh hoc cta cac da giac da hoc;
e Cac quy tic tinh toan vdi vecto;
e MOot sb hé thire vecto hay dung;
e Cac tinh chat cta cac hinh hinh hoc cu thé.
Vi du. Cho tt dién ABCD. Goi M, N lan luot 13 trung diém cta 4B va CD. Ching minh ring
AC+BD = AD + BC =2MN

Huéng dén gidi

Tac6 AC+BD = AD+ BC

& AC—-AD=BC-BD

< DC=DC (dang thuc nay ding).

Do M, N lan lugt 12 trung diém cac canh AB va CD

l4aM+BM =0
nen
NC+ND=0

Do do6 EHTC:(AM+MN+NB)+(BM+MN+ND)
:(W+W)+(ﬁ+ﬁ)+2m=2m

Vay AC+BD = AD + BC =2MN

+ Vidu miu
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Vi du 1. Cho hinh hop ABCD.A'B'C'D’ . Sir dung cac dinh ctia hinh hop 1am diém dau va diém cudi cua

vecto.

a) Hay ké tén cac vecto béng nhau 1an luot bé'mg cac vecto AB, AC, AD, AA" .

b) Hay ké tén cac vecto ludn c6 do dai bang nhau va bing d6 dai cua vecto BC.
Huéng dén gidgi

a) Tacod

+) AB=DC=AB =D'C'.

+) AC=AC. A
+) AD=BC = 4D =BC
+) A4 =BE =CC = DD’ o
b) Tiur tinh chit cta hinh binh hanh, ta suy ra cac A }-" _____
vecto ludn co6 do dai bz‘?mg do dai cua vecto BC 1a 22 4

BC,CB,AD,DA, AD',D'4,B'C’,C'B . B
Vi du 2. Cho hinh choép S.ABCD c6 day ABCD 1a hinh binh hanh.

a) Chung minh SA+SC = SB+SD

b) Néu ABCD 13 hinh chit nhat thi SA +SC =SB +SD’
Huéng din gidi

a) Goi O la tdm cda hinh binh hanh ABCD thi O la
trung diém cua mdi dudng chéo AC va BD.
Do d6 SA+SC =280 va SB+SD =250
Vay SA+SC =SB +SD

b) Taco 5712 =(@+O—A)2 =@2+@2+2@.@,

—=2 —_— ——\2 ——2 ——2 [
SC" =(S0+0C) =S80 +0C" +250.0C.

—2 —2 —2 —2 —2 .
Suyra S4 +SC =250 +04 +0C + 2SO(0A + OC)
_ 2(§52 +5742) (vi O4 va OC 13 hai vecto déi nhau nén OA+0OC =0)
=2(S0* +04%)

—2 —2 2 2

Tuong tw. SB +SD " =2(SO” + OB’
Ma ABCD 1a hinh chir nht nén OA4 = OB

—2 =2 =2 ——2
Suyra SA +SC =SB +SD
Bai toan 2. Chirng minh ba vecto dong phing, ba diém thing hang
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4+ Phwong phap giai
e Chimg minh ba vecto dong phang, st dung mot trong cac cach sau.
+ Chung minh ba vecto ¢6 gia cung song song voi mot mit phing.
+ Chimg minh hai vecto c6 gia cling song song v&i mit phang chira gia ciia vecto con lai.
+ Bién d6i vecto dé duoc dang thirc dang c=ma+nb
e Chung minh ba diém 4, B,C thang hiang
o 3JkeR:AB=k.AC
< JkeR:kMA+(1-k).MB=MC
Vi du. Cho t&r dién ABCD. Goi M va N lan lugt 1a cc diém trén céc canh AD va BC sao cho
AM =2MD, BC =3NC . Chiing minh ba vecto AB,CD,MN ddng phéng.

Huéng dén gidgi

A

MN =MA+ AB+ BN
Taco< . .
2MN=2(MD+DC+CN)

Cong vé theo vé cua hai dang thuc nay ta duoc 3MN = (m + 2]\@) + (ﬁ\f+ 26\/) +(E + ZR)
Do Mi +2MD =0, BN +2CN =0 nén MN = 4B~ CD

Viay AB,CD, MN ddng phang.
4+ Vidu miu

Vi du 1. Cho hinh ling tru tam gidc ABC.A'B'C' ¢ AA =a,AB=b, AC =¢. Hiy phan tich cac vecto

oIS P . -7 B ¢
B'C,BC" qua céac vecto a,b,c.
Huéng dén gidi
Tacé BC=BB+BC=—AA+AC—-AB=—-a—-b+c
BC' =BC+CC'=AC-AB+AAd =a-b+¢
B’ el
A!
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Vi du 2. Cho hinh chép S.4ABC. Lay diém M va N sao cho
MS = -2MA va NC =-2NB. Chung minh rang ba vecto
AB,MN,SC dong phang.

Huéng dén gidi

T gia thiét ta c6 MS +2MA =0;CN +2BN =0

MN = M5 + SC+CN
FAO N = 2 (W + 4B+ B

Cong vé theo vé ta duoc

3MN =(M§+2A72)+(5ﬁ+2§ﬁ)+36+22§ =SC+24B

Vay AB,MN,SC ddng phéng.

Vi du 3. Cho hinh chép S.ABC. Lay cac diém A',B',C’ lan luot thudc cac tia S4,SB,SC sao cho
SA=a.SA',SB=b.SB',SC =c.SC', trong d6 a,b,c la cic sd thay doi. Chimg minh ring mit phang
(A'B'C') di qua trong tam cua tam gidc ABC khi va chi khi a+b+c¢=3.

Huéng dén gidi

Tir gia thiét ta suy ra SA=a.SA',SB=b.SB',SC =c.SC’

Goi G la trong tam cua tam giac A4ABC. Ta co SA+SB+SC =35G

Ge(ABC) < SG =x.S4'+ y.SB +2z.8C" v&i x+y+z=1

< 38G =3x.54' +3y.SB'+32.5C" véi x+y+z=1

< a.SA +b.SB +¢.SC" =3x.54' + 3y.§ +32.8C

& (a—3x).§47+(b—3y).§l?+(c—32).S_C7 =0

< a-3x=b-3y=c-3z=0 (do SA',SB',SC’ khong dong phang)

+) Néu GE(A'B'C’) taco a—3x=b-3y=c-3z=0 (Vi x+y+z=1).

Dod6 a+b+c=3

+)Néu a+b+c=3,tadat ng,yzg,zzg thi

a+b+c

X+y+z= =lvaa-3x=b-3y=c-3z=0

Dod6 G e(A'B'C').
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Vi du 4. Cho tir dién ABCD, M va N la cac diém lan luot thuéc 4B va CD sao cho
MA=-2MB,ND=-2NC; cac diém I,J,K lan luot thuoc AD,MN,BC sao cho
IA=k.ID,JM = k.JN,KB = k.KC . Ching minh ring cac diém 1,J,K thing hang.

Huéng dén gidi

OA+20B

Ta c6 MA=-2MB nén véi diém O bat ky thi OM =

Tuong tu, ta chi ra dugc

ON = OD +32.0C 0l = OAI— kl.{OD 0K = OBl— k]éOC 0J = OMl— l]:ON

Taco OJ = .

(@+2@—k.073—2k.§?)

W | =

b
-k
1

— [(1-k)0I +2(1-k) OK |

H
W | =

(01 +20K ) =<0l +2 0K
3 3

W | =

Suy ra +(01 07 )+ (0K ~0J) =0 & 2 J1+2JK =0 & 1 = 2JK
3 3 3 3

Suyra ,J,K thang hang.
Vi du 5. Cho hinh hép ABCD.A'B'C'D' . Goi G,G' lan luot 13 trong tAm cia cac tam giac BDA',CB'D'.

Chimg minh cac diém 4,G,G',C’ thiang hang.

Huwong dan gidi A B
(IR -
I i
D=t T
N
% ] ] ,-‘-'l.
A | o ~ ;
> = ——%;—':: B
£ __-"‘F A
D’ C’

Dit AB=a,AD=b,AA =c¢
Tacd AC' =a+b+c (quy tac hinh hop).

Theo quy tic trong tAm, ta co AG =%(@+E+ﬂ) :%(Ez+l;+z)
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AG = (AC+ 4B+ AD') = (a+bra+cvbc) =2 (a+h+c)

Vay AC =34G = %A—G’ nén cac diém 4,G,G',C’ thiang hang.
<« Bai tip tu luyén dang 1
Cau 1: Cho bbn vecto 21,13,2,3 bat ky. Kh'fmg dinh nao sau day sai?
A-a=bvic—d=a+i=b+d B. [d] =[p| <> a =B
C.a-c=b-d<a+d=b+c D.a=-bvac=-d=a-d=c—b
Cau 2: Trong khong gian cho ba vecto 21,77,2 . Cho cac khang dinh sau.
(1) Néu cac vecto a,b,c dong phang thi cac vecto a,b,c thudc mot mat phang nao do.
(2) Néu céc vecto a,b,c ddng phang thi ba vecto a,b,c cung phuong.
3) Néu tOn tai hai sd thuc m,n sao cho ¢=ma+nb thi cac vecto a,B,E déng phéng.
(4) Néu céc vecto a,b,c¢ ddng phing thi gia cua ching song song v6i mét phing nao do.
C6 bao nhiéu khang dinh ding?
A. 4 B.3 C.2 D. 1
Cau 3: Cho tam giac ABC c¢6 dién tich S. Gid tri nao cua k thich hgp théa man

§=1 [4B ¢ 2k(aB.AC) 2
2

1 1 1

A'k:Z B.k=5 C.kzz D. k=1
Ciu 4: Cho ti dién 4BCD. Hay chon khang dinh dung?

A. AB+CD = AC+DB B. AC+BD = AB+CD

C. AD+BC = AB+DC D. BA+CD = BD+CA

Ciu 5: Trong cac ménh dé sau ddy, ménh dé nao la dung?
A.Ti AB=34C ta suy ra BA=-3CA.
B. Tir AB=-3AC ta suy ra CB=2A4C.
C.Néu AB=-2AC +54D thi bdn diém A,B,C,D cung thudc mdt mat phéng.

D. Néu 4B = —%B—C thi B 1a trung diém ciia doan AC.

Céu 6: Hiy chon ménh dé dung trong cac ménh dé sau day.
A. Cho hinh chép S.ABCD. Néu c¢6 SB+SD = SA+SC thi tt gidc ABCD 1a hinh binh hanh.
B. Tw gidc ABCD 14 hinh binh hanh néu 4B = CD.
C. Tt gidc ABCD 14 hinh binh hanh néu 4B+ BC+CD+DA=0.
D. T gidc ABCD 14 hinh binh hanh néu AB+ AC = 4D .

Cau 7: Cho ‘ZI‘ =3,1b| =5, gbc gilra avab bang 120°. Khang dinh nao sai trong cac khang dinh sau?
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A. ‘21—5‘27 B. ‘a+13‘=\/5 C. ‘a+213‘=9 D. ‘&—213‘:@

Ciau 8: Cho tir dién ABCD, O 1a trong tdm tam gidc BCD, M la trung diém cta AD. Khang dinh nao duéi

day dang?
— 1= 11— 1= — 22— 11— 11—
A. OM =—AB—-—AC+—A4D B. OM =——AB+—-AC+—AD
3 3 6 3 3 6
—_— 11— 11— 11— _— 10— 11— 1=
C.OM =——AB——AC+—A4D D. OM =—AB+—-AC—-—AD
3 3 6 3 3 6

Ciu 9: Khing dinh nao sau day sai?

A. Cho hai vecto khong cing phuong a va b . Khi do ba vecto a,b,¢ ddng phing khi va chi khi co

cap sb m,n 1a duy nhat.

B. Néu ¢6 ma+nb+ pc =0 va mot trong ba sé m,n, p khac 0 thi ba vecto a,b,c¢ ddng phing.

C. Ba vecto a,b,¢ dong phang khi va chi khi ba vecto d6 cling c6 gia thudc mot mit phang.

D. Ba tia Ox, Oy, Oz vudng goc voi nhau timg d6i mot thi ba tia d6 khong dong phang.

Céu 10: Cho 2 diém phan biét A, B va mot diém O bat ki. Ménh dé nao sau day dung?
A. Diém M thudc dudng thing AB khi va chi khi OM = OB =kBA .
B. Diém M thudc dudng thing AB khi va chi khi OM = OB =k (55 - 52) :
C. Piém M thudc duong thang AB khi va chi khi OM =kOA+(1-k)OB.
D. Piém M thudc dudng thing AB khi va chi khi OM =04+ OB .
Cau 11: Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Gia tri AB.C'A’ bing
A. —ad’ B. —a’\2 C. a2 D. o
Cau 12: Khang dinh nao sau day dung?
A. Ba vecto dong phéng 1a ba vecto ciing nim trong mot mit phang.
B. Ba vecto a,b,c ddng phang thi c6 c=ma+nb véi m,n 1a cac sd duy nhat.
C. Ba vecto 5,7),2 khong ddng phing khi c6 d =ma+nb+ pE v6i d 1a vecto bat ki.
D. Ca ba ménh dé trén déu sai.
Céu 13: Khing dinh nao sau déy sai?
A.Vi NM +NP=0 nén N 1a trung diém cua doan MP.

2 2 . 1 /— —
B. Vil la trung di€m ctuia doan AB nén tir mét di€ém O bat ki ta c6 O = E(OA + OB) .
C. Tu h¢ thtrc AB=2AC-84D ta suy ra ba vecto E,E,E ddng phang.

D. Vi AB+BC +CD+ DA =0 nén bén diém A,B,C,D cung thudc mot mat phéng.
Ciu 14: Trong khong gian cho ba diém A4, B,C bét ki. Khang dinh nao sau day diing?

A. ﬂﬁ?:%(BA%Bcz—zAcz) B. ﬂﬁj:%(BA%BCZ—ACZ)
C. BABC = BA* + BC* — AC* D. BABC = BA> + BC* —2A4C?
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Cau 15: Cho tir dién SABC. Dat SA=a,SB =b,SC = c¢. Goi M 1a trung diém cta S4, N 1a diém trén canh
BC sao cho NC =3NB . Phan tich vecto MN theo ba vecto Zz,l; Vva ¢ ta duoc

A MN=—Yrailpele, B. MN=Lta+35+1c
27 4 4 2 4 4

C.MN=_Lta+3p-1¢ pD.N=1a 351
27 4 4 27 4 4

Cau 16: Cho t dién ABCD. Pat AB=a, AC =b,AD =c¢. Goi M 1a trung diém ctia 4B, N la diém trén
canh CD sao cho ND=2NC. Goi O la trung diém cua doan théng MN. Biéu dién vecto 4O theo ba

vecto a,b va c¢ taco

A 40=La+lpiLg B. 10-La+ 154 1s
4 3 3 4 3 6

——=_ 1= 1z 1- — 1= 1z 1-
C. A O=—a+-b+—c D. AO=—a+—b+—c
4 4 4 4 6 3

Cau 17: Trong khoéng gian cho tam giac ABC. Tim M sao cho gia tri cua biéu thirc
P =MA* + MB* + MC? dat gia tri nho nhét.

A. M 1a trong tdm tam giac ABC. B. M 1a tim dudng tron ngoai tiép tam giac ABC.

C. M la tryc tam tam giadc ABC. D. M 1a tim duong tron ndi tiép tam giac ABC.
Cau 18: Cho tir dién ABCD c6 trong tam G. Chon khrfmg dinh dung?

A. AB’+ AC* + AD’ + BC* + BD’ +CD’ =3(GA’ + GB> + GC* + GD”

B. AB*+ AC’ + AD’ + BC* + BD” + CD* = 4(GA® + GB® + GC* + GD” )

C. AB* + AC* + AD* + BC* + BD* + CD* = 6(GA* + GB> + GC* + GD”

D. AB> + AC* + AD’ + BC* + BD* + CD* = 2(GA* + GB* + GC* + GD’ )

Cau 19: Cho lang tru ABC.A'B'C'. Dt a= AA,b= AB,c=AC .
Xét hai ménh dé

(1) BC=-a-b+c (1) BC'=a—-b-c
Ménh d& nao diing?
A. Chi (I). B. Chi (II). C. Khong co. D. Ca (I) va (1I).

Cau 20: Cho lang tru ABC.A'B'C'. Dat ZzzA—A,l; :E,E:I?. Goi G’ la trong tdm cua tam giac
A'B'C' . Vecto AG bing

A g(arsbec)  Bg(3arhed) C. 3(a+b+32) D. o(a++e)
Cau 21: Cho hinh hop ABCD.A'B'C'D' . Biét MA’' = k.MC,NC' =1.ND . Khi MN song song v&i BD' thi
khing dinh nao sau day ding?

A.k—l:—% B. k+1=-3 C.k+l=-4 D. k+1=-2
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Céu 22: Cho hinh chop S.ABCD c6 tit ca cac canh bén va day déu bang a va ABCD 1 hinh vudng. Goi M
1 trung diém cua CD. Gia tri MS.CB bing
2

2 2 2
Al e . p, Y2

2 2
Cau 23: Cho hinh choép S.ABC c6 SA = ;:,S? = B,R‘ = ¢ va cac diém M, N lan luot 1a trung diém cua céac
canh AB, SC. Cac diém P, O trén cac dudng thing S4, BN sao cho PQ//CM . Biéu dién vecto P—Q theo

ba vecto a,B,E duoc két qua

— 2~ 2- 4- 1~ 1+ 2-

A. P =——Cl——b+—C B. F=—ZI+—b——C
© 3 3 3 © 3 3 3
C.PO=2a+25-2¢ D. PO=—ta-1542¢

3 3 3 3 3 3

Cau 24: Khang dinh nao sau day sai?

A. Ba vecto E,E,E déng phfmg < bbén diém 4,B,C,D cung nam trong mot mat phfmg.

B. ABCD 12 mot tir dién <> BC,CD, AC khong dong phang.

C. Ba vecto a,b,¢ ddng phéing chi khi gia ciia chung ciing ndm trong mot mit phang.

D. Ba vecto a,b,¢ khong dong phing khi va chi khi trong ba vecto do, vecto nay khong thé biéu dién
duoc theo hai vecto kia.
Céu 25: Cho hinh 1ap phwong ABCD.A'B'C'D’ canh bang a. Goi G 1a trong tim tam giac 4'BC . Gia tri
AG? bang
2a’ a’

C. 34* D. —
3 3

Céu 26: Cho hinh chép S.ABCD. Goi O 1a giao diém ctia AC va BD. Xét hai ménh dé
(I). Néu ABCD 1a hinh binh hanh thi SA+ SB+SC +SD =450 .
(I1). Néu SA+SB+SC +SD =4SO thi ABCD 14 hinh binh hanh.
Ménh d nao diing?
A. Chi (1). B. Chi (II). C. Khong c6. D. Ca (I) va (II).
Cau 27: Cho tir dién S.ABC ¢6 SA=SB=SC=AB=AC =a,BC =a2 . Tich vd huéng gitta SC.AB
bang

A. d’ B.

2 2
A -L B. L C. & D. -4
2 2

Céu 28: Cho hinh chop S.4ABCD. Xét hai ménh dé
(I) Néu ABCD 1a hinh binh hanh thi SA+SC =SB+ SD.
(I1)Néu SA4+ SC =SB+ SD thi ABCD 14 hinh binh hanh.
Meénh d nao ding?
A. Chi (). B. Chi (I). C. Khong co. D. Ca (I) va (1ID).
Cau 29: Cho ba vecto a,b,c khong ddng phing. xét cac vecto x=2a +l;,; =a-b—c,z=-3b-2c.
Chon khang dinh dung?
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A. Ba vecto ;c,;,} ddng phéng. B. Hai vecto x,a cung phuong.

C. Hai vecto x,b cung phuong. D. Ba vecto ;c,;,g d6i mot cung phuong.
Ciau 30: Cho ba vecto a,b,¢ khéong ddng phiang. Khing dinh nao sau déy sai?

A. Céc vecto x=a+b+2¢,y=2a—-3b—6c¢,z=—a+3b+6¢ ddng phing.

B. Cic vecto x =a—2b+4c,y=3a—-3b+2c,z=2a—-3b—-3c ddng phing.

C. Céc vecto x = EZ+E+E,; =2a-3b+c,z=—a—4b ddng phang.

D. Cac vecto x = Zz+l;—2,;/ =2a-b+3c,z=a-2b+4c dong phang.
Cau 31: Trong cac két qua sau day, két qua nao ding?

Cho hinh lap phwong ABCD.EFGH c6 canh bang a. Gia tri ctia ABEG bang

2
A d’ B. a’\2 C. 3 p. ¢ f
Céu 32: Cho hinh 14p phwong ABCD.A'B'C'D’ c6 canh bang a. Khang dinh nao sau day sai?
A. ‘A—C" =a\3 B. AD' . AB' =4
C. AB'.CD'=0 D. 24B+B'C'+CD+D'4' =0

Céu 33: Cho lang try tam gidc ABC.4A'B'C’. Goi I, K lan luot 14 trung diém cta BB', A'C'. Diém M thudc
canh B'C’ sao cho MB = kMC'. Tim k d8 bén diém A,1,M,K dong phing.
3 1

A k=-1 B. k=— C.hk=— D. k=-3
2 2

Céu 34: Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tim O, M la diém thay d6i trén SO. Ti s6 i_]\ol

sao cho biéu thirc P = MS? + MA* + MB* + MC? + MD? nh6 nhét bang
AL B. 2 c.’ p.*
2 3 4 5
Cau 35: Cho tir dién ABCD. Goi E, F lan luot 1a trung diém cia 4B, CD. Cho

AB =2a,CD =2b,EF =2c¢. Véi M 1a mot diém tuy ¥, tong MA* + MB* bing
A. 2MF? +2b° B. 2ME’ +2a’ C. 2MF* + 24’ D. 2ME* +2b°
Cau 36: Cho hinh chép S.ABC ¢6 M, N 1a céc diém thoa man MS =—2MA; NB =kNC . Tim k dé ba
vecto AB, MN,SC ddng phang.
A k=-2 B.k:% C. k=2 D.k:—%
Cau 37: Cho t dién ABCD c6 cac diém M, N, P lan luot thudc cac canh BC, BD va AC sao cho

BC =4BM, AC =3AP,BD = 2BN . Mit phing (MNP) cét duong thing AD tai diém Q. Tinh ti s % .

A9 _5 g A2_3 c. A9 _2 p. 49 _>
AD 2 AD 5 AD 5

B "AD 3
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Cau 38: Trong khong gian xét m,n, p,q 1a cac vecto c6 d6 dai bang 1. Gia tri 16n nhat cua biéu thirc

— =2 — =2 — =2 - =2 — — -2 .
Sz‘m—n‘ +‘m—p‘ +‘m—q‘ +‘n—p‘ +‘n—q‘ +‘p—q‘ la

A. 16. B. 6. C. 25. D. 8.

Dang 2. Hai dwong thing vudng goc
Bai toan 1. Tinh géc giira hai dwong thang (chirng minh hai dwong thang vudng goc trong hinh ling
tru va hinh hop)

+ Phwong phap giai
e Dé tinh s6 do ciia goc giira hai duong thang (dl) Vi dy. Cho hinh lang tru ding tam gidc
ABC.A'B'C' ¢6 day ABC la tam giac can,
AB=AC=a,BAC=120° va canh  bén
AA' = a2 . Tinh goc gifra hai dudng thing 4B’ va
BC.
Huwong din gidi

B, -y
Al

va (d,) ta cé thé thuc hién tinh thong qua goc

giita hai vecto chi phuong cta duong thing do.

+) cos(d,,d,)= ‘COS(;,;)‘

u.y
2i

+) Dinh li c6sin trong tam giac

e Dé chimg minh hai duong thing AB va CD vudng
gbc vai nhau, ta thuong chimg minh ABCD=0.
Buéc 1. Str dung tinh chét sau:
(d.d,)=a
=(d,,d,)=(d,,d;)=«
{dz//dS (di.d:)=(dnd) A

Budée 2. Ap dung dinh li cosin trong tam giac dé S
Taco BC//B'C'=(AB',BC)= (AB',B’C')

Xét AAB'C' ¢6 AB'= AC' =~ AB*> + BB =a\3

Ap dung dinh 1y cosin cho AABC, ta c6

xac dinh goc.

BC? = AB* + AC* —2.4B.AC.cos BAC
=a’+a’—2.a.a.cos120° =3a’
= BC=BC=a\3
Suy ra AAB'C' déu, do d6
(4B',BC)=(4B',B'C’')= ABC' = 60°

+ Vidu miu

Vi du 1. Cho hinh 1ap phuong ABCD.A'B'C'D’ . Tinh géc giita 2 dudng thang

a) ABva B'C'

b) ACva B'C’

¢) AC' va BC
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Huéng déin gidi

A D’
' 1
Bl (o
A I
O
L |
Al
Afz--n-n-n-- -7P
I "q_‘
‘ q-"h.
B C

a) Tacé AB//A'B' ma (A'B',B'C')=90° nén (4B,B'C')=90°
b) Vi tir gidc ABCD 1a hinh vuong nén (AC, BC)=45°.
Tacé BC//B'C' nén (AC,B'C')=45°
¢) Tacd AC//A'C' va AACB' la tam giac déu vi co cac canh déu bang duong chéo cua cac hinh

vudng bang nhau. Do d6 (4'C',B'C) = (m) =60°.

Vi du 2. Cho hinh hop thoi ABCD.A'B'C'D’ ¢6 tt ca cac canh bing a va ABC = B'BA= B'BC = 60°.
Chung minh t&r gidac A'B'CD 1a hinh vuong.

Huéng dén gidgi

Ta c6 tir gidc A'B'CD 1a hinh binh hanh (tinh chat hinh hop).

Do B'BC =60° nén ABB'C ddu.Suyra BC=a.
Do d6 CD =B'C =a nén A'B'CD 1a hinh thoi.
2 2
Tacé CB.CD=(CB+BB').BA=CB.BA+ BB BA= —%H’? 0.
Suy ra CB' L CD . Vay ttr giac A'B'CD 1a hinh vudng.
Vi du 3. Cho hinh hép ABCD.A'B'C'D' ¢6 d6 dai tit ca cac canh bang a va cac goc BAD,DAA', A'AB
déu bang 60°. Goi M, N lan lugt 1a trung diém cia A4',CD . Goi « la goc tao boi hai duong thang MN
va B'C, tinh gia tri ciia cos .

Huwong din gidi
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v6i P 1a trung diém cua DC'.

_|A'D//B'C
Ta co
MN//A'P

Suy ra (MN,B'C) = (713,—/1'\D) —DA'P
Vi BAD = DAA' = A'AB = 60° va céc canh ctia hinh hop bang a.
Dodo A'D=a,C’'D=C'A'=a\3 .

2aY 12 2
AD*+4C” DC jA,P:\/Ea .

2 2
Ap dung dinh 1y cosin cho tam gidc 4'DP , ta c6
A'D*+ AP*-DP* 35
2A'D.A'P 10

Vi du 4. Cho hinh lap phuong ABCD.A'B'C'D’ c6 canh bang a. Trén cac canh CD va BB’ ta lan luot lay
cac diém M va N sao cho DM = BN =x véi 0<x <a . Chimg minh ring 4C" L MN .
Huéng dén gidi

Suyra A'P=

cosa =

Ar DJ
I
Bf— 0
:
i ..-'
L <))
N—r’ ---------- M
B C

Ta gt 47 =3, 4B =5, AD=. Taco [i =[f| =i =a

AC' = A4 + AB + AD hay AC =a+b+c

Mait khac

VN = AN — A0 = (AB-+ BN )~ (4D-+ D) véi BN = va DM -
a

Q=
S

Do d6 m{miaj_(zﬂzjzia{a_ijz;_z

a a a a

Tact ACHN =(a+8+) Zas(a-2]5-
a a

Vi ab=0,a.c=0,bc=0 nén ta co
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Tc.mzian(l_ijzz_zz=x.a+[1_£ja2_az=o

a a a

Vay AC' L MN .

Bai toan 2. Tinh géc giira hai dwong thfmg (hai dwong thfmg vuodng goc) trong hinh chop

4+ Vidu miu

Vidu 1. Cho hinh chop S ABC ¢6 SA=SB=SC=4B=AC=a va BC=a2.

Tinh goc giita hai duong thing 4B va SC.

Huéng dén gidi
Ta co cos(ﬁ;@) = %

(84+4C)AB S4B+ ACAB
TR e

Vi BC* =2a*> =a* +a*> = AC* + AB®
Nén AABC vudng tai A.
Do d6 AB.AC=0

Mait khac tam giac SAB déu nén (STI,E) =120°.

2
a

Do d6 ta c6 SA.AB = SA.AB.cos120° = -y

Vay cos(ﬁ;ﬁ)z 2 __ 2

Do d6 (ﬁ;@) =120°

Suy ra goc (SC; AB)=180°—120° = 60°

Vi du 2. Cho tir dién déu ABCD canh a. Tinh géc giita hai duong thang AB va CD.

Huwong din gidi
Dit AB=a,AC=b,AD =c.
Taco CD=AD-AC=c—-b

ABCD  a(c-b)

cos 48 CO) = ] e
1 1
_ ZIE_&'B _ aa.E—aa.E o
a.a 02

Vay (E,@) =90°

A
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Vi du 3. Cho to dién ABCD c6 AB 1 AC va AB L BD. Goi P va Q lan luot 1a trung diém cua 4B va
CD. Chiing minh rang AB 1 PQ .

Huéng dén gidgi

Vi AB 1 AC va AB 1 BD nén AC.AB=0,BD.AB=0.
Ta cé PO =PA+AC+CQ va PQ=PB+BD+DQ
Do d6 2FQ=ZE+§5:2FQ.Z§=(ZE+§5)ZE=ZE.ZE+EB.Z§=0

Hay P—QE =0.
Vay AB L PQ.
Vi du 4. Cho tir dién déu ABCD canh a, M 13 trung diém cua canh BC. Tinh goc giita hai duong thang AB
va DM.

Huéng dén gidi

Goi N 1a trung diém AC thi MN //AB.

A
Suy ra (m) = (m) )

o 2 2 2
Ta c6 cos DMN = MN” +DM" — DN

2.MN.DM
BEGIRES)
2 2 2 ) ﬁ
) ,a a3 6
)

Suy ra DMN = arccos%.

Vay (M) = arccos%.

Vi du 5. Cho tir dién ABCD c6 céc canh dbi bang nhau timg d6i mot,
AC=BD=a,AB=CD =2a,AD = BC = a\/6 .

Tinh géc giira hai duong thiang 4D va BC.

Huwong din gidi
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C
AD.BC = E(E — TB) = AD.AC — AD.AB = AD.AC.cos 547) — AD.AB.COSB/AT)

2 2 N2 2 2 pn?
AC*+AD*-CD* . AB’+AD’ ~BD
2.AC.AD 2.AB.AD

a’ +(a\/g)2 —(Za)2 (2a)2 +(ax/g)2 —-a’
2.a.a\6 ~ay6.2a. 2.2a.a/6

=AD.AC.

=a+6.a.

=-34*

SN .
ADBC __3a” _ 1_, (4D.BC)=120°
AD.BC  aJ6.a\6 2

Suy ra cos(ﬁ),ﬁ?) =

Vay (4D;BC) = 60°.
Vi du 6. Cho hinh chop S.ABCD, c6 ddy ABCD la hinh thang vudng tai 4 va D, canh

AB=2a,AD=DC=a;S41 AB,SA 1 AD va S4 = 2a;/§.

a) Tinh goc giita dudng thang SB va DC.
b) Goi « la goc gitra SD va BC. Tinh cosa .
Huéng dén gidi

a) Vi DC//AB= (SB,DC)=(SB, AB)=SBA

(vi ASAB vudng tai A nén SBA <90°).
2a\/§
S4 3 NE)

Xét ASAB vuong tai 4, ta co tan SBA =" =—3 =" — §B4=30°
AB  2a 3

Vay (SB,DC) = SBA=30°.
b) Goi E 1 trung diém cua AB.

Khi d6, BCDE 14 hinh binh hanh nén DE//BC = (SD,BC)=(SD,DE)=a

2 2
7
\SE? =D = 54>+ ap? =3 2 L TE SE=SD=a£
Ta co 3 3 = \/5

DE* =24° DE = a2

Ap dung dinh 1i cosin trong tam giac SDE, ta dugc
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— SD*+DE’-SE* 24’ J42

cos SDE = - =Y 5 0= SDE <90°
28D.DE J7 14
2.a—.ax/5
3
Viay (SD,BC)z(SD,DE)zﬁza: cosa =cosS/DTE=§.

Vi du 7. Cho tit dién ABCD c6 CD =§AB. Goi G,E,F lan luogt 1a trung diém ciia BC, AC,DB , biét

EF = %AB. Tinh goc gitta CD va AB.

Huwong din gidi
Goi G 1 trung diém cua BC.

Pit AB=a.Taco GE:%:%.

GroCD_2 4y 20 g S Sa
2 3 3 6 6
2 2 2
Tudo GE*+ GF> =& (3 250 _ pro
4 9 36

= AGEF vuong tai G.

Vi GE//AB,GF //CD nén (4B,CD)=(GE,GF )= EGF =90°.

Vi du 8. Cho hinh chép S.ABCD, c¢6 day ABCD 14 hinh vuéng tdm O, canh bang a; S4 vudng goc véi day
va SA = a~/3 . Tinh cosin goc gitta SB va AC.

Huéng dén gidi
Goi 7 1a trung diém cua SD
= Ol 1a duodng trung binh cua ASBD . Suy ra
OI //SB
of _SB _NSL + 4B _3d’+d’ _
2 2 2

Vi O/ /SB = (SB, AC) =(0I, AC) = AOI

SD NS4 +AD*  \3d’+d’

Taco Al =— =
2 2 2
= Al =0l = AAOI cantail.
Goi H 1a trung diém ctia O4 = [H 1 OA va 0H=%=%= "f
a2
Xét AOHI c¢ob cosI-/IO\Izo—Hzizﬁ
0)4 a 4
Vay cos(SB,AC)zcosI-TO\Izg.

TOANMATH.com Trang 22



Vi du 9. Cho hinh chép tir dién OABC c6 OA,0B,0C d6i mot vuong goc va OA4 = OB =a,0C =2a. Goi
M 13 trung diém ctia BC. Tinh cosin goc giita hai duong thang AB va OM.
Huwong din gidi

A

AB=av2,BC =a\5

Ta co
oy = BE _ a5
2 2

AB.OM ~ (0B - 04).— (08 + OC) =—(0B* + 0B.OC - 04.0B - 04.0C)

1
:§(a2+0—0—0)=a?.

‘ABOM 2 o

AB.OM B
i f

Vay cos(AB OM) = cos AB OM

Vi du 10. Cho t&t dién ABCD c¢6 AB = AD=a va BAC = BAD =60°,CAD =90° . Goi M la trung diém

ctia canh CD. Tinh d6 dai canh AC dé cosin goc giita hai duong thang 4C va BM bang %
Huéng dén gidgi A
B C

D

Goi N 14 trung diém ctia AD. Ta ¢ (m) = (m) =a
Pt AC=2x=> MN =x>0
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Theo bai ra ta c6 tam giac ABD déu canh anén BD =qa,BN = # .
Tam giac ACD vuong tai A nén DC*> = AD*> + AC* =a’ +4x°
Xét tam giac ABC ta c6 BC* =a’ +4x* —2ax

a+a*+4x* =2ax a*+4x? B 3a® +4x* —dax

Do d6 BM* = -
2 4 4
3 +4x* —dax  , 3d’
o 2 2 parz -
Ta tinh cos BMN = SM_FMN"_ =BN" _ 4
2BM .MN 5 \/3a2 +4x” —dax .
. 2 )
8x% —4ax 2x—a

4x.\/3a2 +4x* —4ax \/3a2 +4x* —4ax
Theo gia thiét ta c6

_| 2x—a |_L 2 e [x:
cosa—|\/3az+4x2_4ax|—\/§<:>8x ax=0& N

Do x>0 nén x=a=AC=2x=2a

a

+ Bai tip tu luyén dang 2
Cau 1: Ménh dé nao sau day dang?
A. Hai duong thang cing vudng goc voi mot duong thing thi song song voi nhau.
B. Hai duong thang cung vudng goc véi mot duong thang thi vudng goc véi nhau.
C. Mot dudng thang vudng goc voi mot trong hai duong thang vudng goc véi nhau thi song song voi
duong thang con lai.
D. Mot duong thing vudng goc voi mot trong hai duong thang song song thi vudng goc voi duong

thang con lai.

Céu 2: Cho hai duong thing a,b 1an luot co vecto chi phuong u,v . Ménh dé nao sau day sai?

A.Néu a L b thi uv=0 B.Néu uv=0thi a L b
C. cos(a,b)= % D. cos(a,b) = ‘;‘“‘é‘

Céu 3: Cho ba duong thing a,b,c . Ménh d& nao sau day sai?

— - — -

A.Néu a//b thi (a,c) = (c,b) B. Néu ¢/ /b thi (a,b) =(a,c)

C.Néu a//c thi (a,c)=0° D.Néu a L b thi (a.¢)=(c,b)
Ciu 4: Cho ba duong thang a,b,c . Khang dinh nao sau day dung?

A.NéualbvabLlcthiallb B.Néualbvablcthialc

C.Néualcvablcthialb D.Néu a//b va cLb thicla
Ciu 5: Cho hinh 13p phuong ABCD.EFGH. Géc giita cip vecto AB va DH la

A. 45° B. 90° C. 120° D. 60°
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Céu 6: Cho hinh 1ap phuwong 4BCD.A'B'C'D' . Chon khang dinh sai?
A. Goc gitta AC va B'D' bang 90° B. Goc giita B'D' va AA' bang 60°
C. Goc gitra AD va B'C bang 45° D. Goc giita BD va A'C’ bang 90°
Cau 7: Cho hinh 1ap phuong ABCD.EFGH. Géc giita cip vecto AB va EG bing
A. 90° B. 60° C. 45° D. 120°

Céu 8: Cho tir dién ABCD déu canh bang a. Goi O 1a tim duong tron ngoai tiép tam giac BCD. Goc giira
AO va CD bing bao nhiéu?

A. 0° B. 30° C. 90° D. 60°
Céu 9: Cho tir dién déu ABCD, M 1a trung diém ctia canh BC. Khi d6 cos(4B,DM ) bang.
a2 p. L2 c.l p. 3
2 6 2 2

Céu 10: Cho hinh hop ABCD.A'B'C'D' c¢6 tat ca cac mit 1a hinh thoi va cac goc dinh 4 bang 60°. Goc
giita hai duong thing BD va AC" bang
A. 90° B. 30° C. 45° D. 60°

Cau 11: Cho tit dién ABCD co6 AC = %AD,@ = DAB =60°,CD = AD. Goi ¢ la goc giita AB va CD.
Chon khang dinh dung.
A. cos¢=% B. ¢ =60° C. p=30° D. cosrp:%

Céu 12: Cho hinh chop tir gidc déu S.ABCD c6 tit ca cac canh bang a. Khing dinh nao sau ddy ding?

A. §41SC B. S4 L SB C. SA L SD D. SA 1L CD
Céu 13: Cho tir dién ABCD c6 AB = AC = AD va BAC = BAD = 60°. Géc giita cap vecto AB vaCD
bang

A. 60° B. 45° C. 120° D. 90°
Cau 14: Cho hinh chép tir gidc déu S.ABCD c6 tat ca cac canh déu bang a. Goi M 1a diém bat ky trén
dudng thang AC. SO do goc gitra hai duong thang BD, SM bang

A. 90° B. 120° C. 60° D. 45°
Cau 15: Cho tir dién ABCD ¢ AB= AC = AD va BAC = BAD = 60°,CAD =90° . Goi I va J lan luot 1
trung diém cua 4B va CD. Géc gifra cdp vecto AB va IJ bing

A. 120° B. 90° C. 60° D. 45°
Céu 16: Cho hinh chop tir giac déu S.ABCD c6 tit ca cac canh déu bang a. S6 do giita hai duong thing
BC va S4 bang

A. 45° B. 120° C. 90° D. 60°
Céu 17: Cho hinh chop S.4BC c6 day la tam giac déu canh a, S4 = V3a va vudng gbéc voi mat day. Goi
M 14 trung diém canh SB. Césin goc giita hai dudng thang AM va SC bang

5 11 5

A, — B. — C. - D. 3
16 16 8 8

Cau 18: Cho hinh chép S.ABC ¢6 AB = AC va SAC = SAB. Khi dé goc (S4, BC) bing
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A. 30° B. 45° C. 60° D. 90°
Cau 19: Cho hinh chép S.ABC ¢6 SA=SB =SC va ASB=BSC=CS4. Géc (SC,AB) bing

A. 120° B. 45° C. 60° D. 90°
Céu 20: Cho hinh chép S.ABCD c6 day la hinh vuéng ABCD canh bang a va cic canh bén déu bang a.
Goi M va N lan luot 13 trung diém cia 4D va SD. S6 do cua goc (m) bang

A. 45° B. 30° C. 90° D. 60°
Céu 21: Cho hinh chop S.ABCD c6 tat ca cac canh déu bang a. Goi I va J lan luot 13 trung diém cua SC
va BC. S6 do ciia goc (ﬁ) bang

A. 90° B. 45° C. 30° D. 60°
Céu 22: Cho hinh 1ap phuong ABCD.A'B'C'D’ canh a. Goi M, N lan luot 14 trung diém cua AC va B'C’.
Cosin goc giira hai duong thang MN va B'D’ bing

a0 .4 ¢’ p. 10
10 5 5 5

Cau 23: Cho hinh lang try ding tam giac ABC.A'B'C' c¢6 day ABC la tam giac céan
AB=AC=a,BAC=120°, canh bén AA'=a~/2 . Géc giita hai duong thing 4B’ va BC bing

A. 90° B. 30° C. 45° D. 60°
Ciu 24: Cho hinh ling try tam gidc déu ABC.A'B'C’ c6 tat ca cic canh bang a. Goi M, N lan luot 1a
trung diém cac canh AB,B'C’. Cosin goc giita hai duong thang MN va AC bang

A. 1 B. ﬁ C. 2 D. ﬁ
3 3 3 5

Cau 25: Cho hinh chop S.ABCD c6 SA,SB,SC d6i mot vudng goc voi nhau va SA=SB=SC=a.Goi M
1a trung diém cua 4B. Goc giita hai duong thang SM va BC bang

A. 30° B. 60° C. 90° D. 120°
Cau 26: Cho hinh chop S.ABCD c6 ddy ABCD 1a hinh chir nhat. Cac tam giac SAB,SAD,SAC 1a cac tam
gidc vuong tai A. Cosin goc giira hai duong thing SC va BD bang bao nhiéu, biét
SA=a\3,4B=a,AD =3a?

Al B 3 c. 210 p, L0
2 2 65 65

Céu 27: Cho hinh ling tru tam giac déu ABC.A'B'C’ c6 tit ca cac canh déu bang a. Cosin giira hai duong
thang A'C va B'C' bang

A. Q B. l C. é D. ﬁ
2 4 4 4
Cau 28: Cho hinh ling tru tam giadc ABC.A'B'C' c¢6 diay ABC la tam giac vudng tai
A, AB=a,AC =a~/3. Hinh chiéu vudng géc ciia A' 1én mit phing (4ABC) la trung diém H cia

BC,A'H = a3 . Goi @ 1a goc giita hai duong thang A'B va B'C . Tinh cos¢.

A. cos¢)=% B. cosq)zg C. cosgoz% D. COS(0=§
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Cau 29: Cho hinh 1ap phuong ABCD.EFGH. Goc gitra cap vecto AF va EG béng
A. 90° B. 60° C. 45° D. 120°

Cau 30: Cho tir dién ABCD, goi M, N lan lugt 1 trung diém cta BC, AD biét AB =CD =a, MN = #

Cosin goc giita hai duong thang 4B va CD bang

A.ﬁ B.Q C.l D.l
2 2 4 2

Cau 31: Cho hinh chop S.ABC c6 tam giac SAB vudng can tai S, c6 SA =a, tam giac ABC vudng cén tai
Cva BSC =60°. Goi M 1a trung diém ciia SB. Cosin goc giita hai duong thang 4B va CM bang

V6 V30 V6 V3

. — B. — C. — D. —
6 6 3 3
Cau 32: Cho hai vecto gz,E thoa man, Zz‘ =4, b|= 3,21.13 =10 .Xét hai vecto }:5—13,} =a-2b. Goi a
1a goc giita hai vecto y,x . Tinh cos &
-2 1 3 2
A.cosa=—= B.cosa=— C.cosa=——= D.cosa=——
J15 J15 Jis J15

Ciu 33: Cho hinh hop chit nhat ABCD.A'B'C'D’, AB = 6¢m, BC = BB' = 2cm . Piém E 1a trung diém canh
BC. Mot tir dién déu MNPQ c6 hai dinh M va N nam trén duong thang C'E, hai dinh P, Q nam trén
duong thang di qua diém B’ va cit duong thang AD tai diém F. D¢ 16n DF bing

A. lcm B. 2cm C.3cm D. 6cm
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Dang 1. Vecto trong khong gian

DAP AN

1-B 2-C 3-C 4-D 5-C |6-A |7-B |8-C |9-C |10-C
11-A |12-D |[13-D |14-B [15-A |16-B |17-A |18-B |19-A |20-B
21-C |[22-A |23-D |24-C |25-B [26-D |27-A |28-D |29-A |[30-B
31-A [32-D |33-C |34-D |35-B [36-D |[37-B |38-A

HUONG DAN GIAI CHI TIET

Cau 1.

V6i ABC 1a tam giac déu ta co ‘E‘ = ‘R“ nhung AB # AC va AB+—AC nén B sai.

Cau 2.

Khiang dinh (1) sai vi khi a,b,c ddng phang thi gia cta chung ludn song song voi mit médt phang.
Khing dinh (2) sai vi cac vecto dong phing khong yéu cau 1a phai cung phuong.

Khang dinh (3) va (4) diing theo diéu kién va dinh nghia ba vecto dong phang.

Cau 3.

S=LXABAC.sin A= l.\/ABZ.ACZ sin> 4 = l\/ABZ.AC2 (1 —cos’ A)
2 2 2

_ %\/ZEZ.ZEZ — AB?.AC?cos® A = %\/ZEZ.ZEZ —(ZE.ZE)Z

1
Vay k=5
Cau 4.
A sai vi @+@:ﬁ+5§©a+ﬁ+§5:m©@:m(sai)
B sai vi E+§5:Z§+@©E—E:@+5§®§6:@(sai)
C sai vi E+H?=Z3+D—C<:>E—E=D—C+@<:>E)=D—B(sai)
D dang vi BA+CD =BD+CA < BA-BD=DC +CA < DA=DA (dung)
Cau 5.
Tacd AB=3AC = —BA=-3CA= BA=3CA+-3CA. Tix 4 phuong 4n A sai.
Tacdé AB=-3A4C = CB—-CA=3CA= CB=4CA#2AC . Tl 46 phuong 4n B sai.
Ta c6 AB=-2AC+5A4AD = AB, AC, AD dong phang = 4, B,C, D ddng phang (C dung).
Phuong an D sai vi néu B 14 trung diém ciia doan thing AC thi AB =BC ma BC ;t—%ﬁ'.
Cau 6.
+) SB+SD =SA+SC < SB—SA=SC—SD < AB = DC < ABCD 14 hinh binh hanh (A dung).
+) AB=CD ta phai suy ra tir gidc ABDC' 1a hinh binh hanh cht khong phai ABCD (B sai).
+) C sai vi AB+ BC +CD+ DA =0 dtng v&i moi vi tri cia 4,B,C,D .

+) D sai vi véi AB+ AC = AD thi AD 1a dudng chéo cta hinh binh hanh ABCD.
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Cau 7.
P g2 ~ |z -7 2 2
Ta co: ‘a+b‘ =a +b +2‘a‘.‘b‘.cos(a,b)=3 +5°+2.3.5.c0s120°=19
Suy ra \a%\:\@
Ciau 8.
Ta c6 O 1a trong tam tam gidc ABCD nén BO+CO+DO=0 (1)
Ta co: TOzE+FO;TO=R’+FO;TO=E+FO

Tir (1) suy 1a 340 = 4B + 4C + AD = 40 == (4B+ AC + AD) =1 AB+< 4C + 4D
— 1= 1l— 11—
Suy ra OAZ_EAB_EAC_EAD 2)

Ma A—M:%ZE (3)

Tir (2) va (3) suy ra o—M:52@4‘:%2@%2@%@%@:%@%2@%@

Cau 9.

C sai vi chi can ba vecto c¢6 gia ciing song song v6i mot mit phang thi ba vecto d6 dong phang.
Cau 10.

A,Bsaivi OM =0OB < M =B va O,M,B, A thing hang ma O 1a diém bt ki.

C ding vi OM = kOA +(1-k) OB <> OM — OB = k(OA-OB) < BM = k.BA

D sai vi OM = O4 + OB < OAMB 1a hinh binh hanh. Khi d6 M ¢ 4B.

Cau 11.

Tacod: AB=AB = ABC'A' =-AB .AC = —(az 2 cos%) =—a’

Cau 12.

A sai khi Ez,l; c6 gia cing nam trong (P) ,con ¢ ¢o gia song song voi (P)

B sai v6i ba vecto a,0,¢ tacod 0=0.a+0.c thi a,0,c ddng phang nhung ¢=m.a+n0 chi dang khi a va
¢ cung phuong vdi nhau.

C sai vi véi 3 vecto d,a,b khac 0 d6ng phang véi nhau ta c¢6 d=ma+nb.

Khi d6 d =(m—-1)a+nb+a

Pat c=q thi d = (m— l):1 +nb+c nhung a,b,c lai dong phang voi nhau.

Viy ca ba khang dinh trén déu sai.

Cau 13.

Phuong 4n D sai do dang thirc AB+BC+CD+DA=0 ludn dung véi vi tri bét ki trong khong gian cia
bdn diém A, B,C, D nén khong du diéu kién dé khang dinh 4, B,C, D dong phang.

Cau 14.
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. 2 _ AP 7 ) 2 A D 2 — == | 2 2 2
Tacd: AC* = AC =(BC—BA) = BC* —2BABC + BA :BA.BC:E(BA +BC*-AC )
Cau 15.
M—szmz_%%mﬁv:_%%s—miﬁ

=_l@+s7a+l(§:_57a)=_la+iz+lz
2 4 27 4 4

Cau 16.

Tacc')A—Ozé(erﬁ),trongdém:%a;

] — 1 ——\ 2+ 1-

AN=AC+CN=AC+—CD=AC+—(AD—AC)=—b+—c
3 3 373

vay 40-+[Lav2pelo)otaiteLe
3 4 3 6

Cau 17.
Goi G la trong tdim AABC thi G ¢b dinh va GA+GB+GC =0

I —\2 —_ —\2 _ —\2
Ta cos: P:(MG+GA) +(MG+GB) +(MG+GC)
=3Mc;2+2M—G.(@+@+@)+GA2+GBZ+GC2
=3MG* +GA* +GB* + GC* > GA* + GB* + GC*

Dau“="xdyra <&M =G

Vay P. =GA>+GB> +GC? véi M =G 1a trong tAm tam giac ABC.

min

Cau 18.
Ta co AB* + AC* + AD* + BC* + BD* + CD?

=(TG+G73)2+(E+CTC)2+(E+GT))2+(FG+?C)2+(E+GT))2+(E+G—D)z

=34G’ +3BG’ +3CG* +3DG> +2(Zé.@§+26.§6+2655 +§é.§5+§6.§13+6§.65)(1)
Ma GA+GB+GC+GD =0 < (G +GB+GC +GD) =0

& GA* +GB* +GC? + GD?
=2(A—G.@+TG.@+E.GT)+E.@+E.G—D+E.G—D)(2)

Tu (1) va(2)taco
AB> + AC? + AD* + BC* + BD* + CD? = 4((;A2 +GB>+GC* + GDZ)
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Cau 19. B c
(D bung vi
FC=W+B—C=—M+(E*—E)
= A4 —AB+ AC=—a—b+c
(I) Sai vi
I o B’
BC’=BB’+B'C’=AA'+BC=AA’+(AC—AB)
—AA —AB+AC=a—b+c et
Ciu 20. B
Ta co:
A—Gzﬂ+ﬁ=ﬂ+%m
=TA'+1(W+A’C')
3

SO [ [ e — ; c
= AG = AA +§(AB+AC)=§(3AA +AB+AC) B

1/~ = =
=—(3a+b+c) .

3 A’
Cau 21.

Dit AB=a, AD=b,AA' =¢

Tu MA' = k.MC , ta ¢b ﬂ—A—M:k(ZE—A_]\/Y)

. A —kAC —k(a+b)+c
_ if AL —kAC _ (a+5)
1—k 1—k

Tie NC = LND, ta 66 4C'— AN (4D 4N)

o AN = AC'—1.AD _ a+b+c-Ib
1-1 1-1

Suy ra MN = AM — AN

~k(a+b)+c Gibac—ib o1V (kN1 1)
= - =| - - a+|——-1|b+| ——-—|c
1-k 1-1 1-k 1-1

Mit khac BD' = AD'— AB=—-a+b+c
D& MN //BD' thi MN//BD’ nén

ko1 k 2% 1
A A T o e VY

-k 1-1 1=k -k 1-1 _3k+l_ o g
k 11 ksl 1 -k

-k 1=k 1-1 =k 1-1

Tu do ta co: %z%:ﬂ:—l.Vay k+l=-4
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Cau 22.
Do tit ca cac canh cua hinh chop bang nhau nén hinh chop
S.ABCD 14 hinh chép déu.

Suy ra 5(7;53’;55 d61 mot vuong goc.

Do M 14 trung diém ciia CD nén ta co:

mzﬁ_owz_%ﬁc_%@+ﬁ

CB=0B-0C=-0D-0C

Do 07;@;073 do61 mot vuong gdc véi nhau nén

iy 1 2 1 2 2 az

MSCB=—0C"+—0D" =0C*" =—
2 2 2

Cau 23.

bat ﬂsz—A;@zyﬁV

Suy ra: FQ:PZ+Z§+§Q

=xSA+SB—SA+ yBN

=(x~1)S4+SB+y(SN - SB)
=(x-1)s_/i+(1-y)s§+§ﬁ

—(x=1)a+(1-p)b+2¢ (%)

2

e 1 = — 1=~ 1= -

Lai c6 CM:SM—SC:—(SA+SB)—SC:—a+—b—c
2 272

Dé PO//CM thi PO =kCM hay

x—lzl—_y:_ -
1 -1 1-
2
. — 1- 1+ 2-
Thay vao (*) ta dugc PQ:‘E“‘E"*EC

Cau 24.

C sai vi khi 4B//(MNP) ta van c6 AB,MN,NP dong phing nhung AB ¢ (MNP) hay gid cia AB

khong ndm trong (MNP).
Cau 25.

4G =+ (44 + 4B + AC) =+ (44 + 4B + 4B + D)
3 3

Suyra AG* = AG =é(AA’2 +44B® + AD?)
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:é(a2 +44* +a2)=§a2

Céu 26.

Goi M, N lan lugt 1a trung diém ctia AC va BD. Do O la giao diém cta AC va BD nén
SA+SB+SC+SD =480
@(ﬁ+§1)+(ﬁ+§?)+(ﬁ+s—3)+(ﬁ+s—1))=6
<:>(5,71+55)+(5§+55):6

< 20M +20N=0<0OM =ON < 0=M=N

< ABCD 1a hinh binh hanh.

Vay ménh d& (I) va (IT) déu ding.

Binh luin: Dé chimg minh ménh dé (I) va (II) dung, ta ap dung: Cho Aca,Beb va { O} =anb.

Khid6 OA=0B < O=A=B.

Chirng minh: Néu 4 khong tring O thi B khong tring O (do OA=0B) = OA=a va OB=b
Nhung O4 = 0B = O, 4, B thing hang = a=b=> anb =a (trai véi gia thiét O=anb)
Cau 27. 2

Tir gia thiét suy ra ASBC vudng can tai S;ASAC 1a tam giac déu.

C6 SC.AB = ﬁ.(s?e-s?) = SC.SB—SC.54

2

=-SC.S4.cos ZS'\C =—a.a.cos 60° = —%

2
—a

2 M £

Vay SC.AB = az.%l =

Cau 28.
Goi M, N 1an luot 1a trung diém cta AC va BD.
Ta co: SA+SC = SB+SD < 2SM = 2SN < SM = SN <> M = N < ABCD 1a hinh binh hanh.
Cau 29.
Ta co ; = %(;c + E) nén ba vecto ;c,;,; ddng phang.
Cau 30.
Khiang dinh B sai.
Cac vecto ;c,;,; ddng phang < Im,n: X = m; +nz
Taco x= m}/ +nz
3m+2n=1

@&—2B+4E=m(3Ez—3B+22)+n(25—3B—32)@ —3m—3n=-2 (hé vd nghiém).
2m—-3n=4
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Viay khong ton tai hai s6 m,n: Xx= m; +nz

Cau 31. E H

]
Ta c6 AB.EG = AB(EF+EH) — AB.EF + AB.EH Ry e
]
Do AB | EH nén AB.EH =0 i
—_———— —_— —_— 1
Suy ra AB.EG = AB.EF = AB =’ Afemmmmmeee e --4D
B ol C
Cau 32.
+) A dung vi
) 2 g 2 " D’
AC" =(4B+AD+ A4 . 7
1 -
—2 ——=2 ——2 —_—_—— = B’ : 7_’, c’
—AB +AD + A4 (do AB.AD = AD.AA = AA' AB :o) . -
A 1 .H,
A -
:3a2 “ : "f
. il i D
Suy ra ‘AC" a3 ’fl,}‘ ___________ b
£
+) B dlng vi B L C

Zﬁ.ﬁ:(ﬂ+ﬁ)(ﬂ+ﬁ):ﬂz =a’

(do 44'AD' = 44 AB = 4B .A'D' =0)

+) C dung vi AB'.CD'=DC'.CD' =0(do DC' L CD')
+) D sai vi

2AB+B'C'+CD+D'A' =24B+BC+CD+DA#0
Cau 33.

DPit A4 =a,AB=b,AC =¢

Ta ¢6 E=1(E+A—B')=1(AB+AB+AA’):—a+b
2 2 2

K =2 (A4 + AC) =% (A4 + A4+ AC)=a+~¢
2 2 2

Do MB' = kMC’ nén A—B'—Wzk(A—C’—w)

= (k—1)AM =kAC' - 4B = k(a+c)—(a+b)=(k-1)a—b+kc
Vi bon diém 4,M,I,K dong phing nén AM , Al AK dong phang, do d6

(k—l)A—]\szZY—yA_IE

<:>(k—1)21—13+k2:x£%5+l;j+y(5+%gj
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1
(k—1)=5x+y =]
S-1=x Sy=-1.Vay k=——
k=2 _ 1
2 2

Ciau 34.

Goi I 1a diém thoa man SI =410

:>P=(M+ﬁ)2 +(W+171)2 +(W+E)2 +(W+173)2 +(W+ﬁ)2
= SMI? + IS + I4> + IB> + IC* +1D2+2JT47(TS+H+7§+TE+75)

=5M12+1S2+1A2+IB2+IC2+ID2(do §=4T0;@+0—B+0—C+@=6)

SM 4
Vay P, o M=]1=—=—.
. y min SO 5 A
Céu 35. '
Ap dung cong thirc d6 dai duong trung tuyén, ta co: E
2 2 2 2
me? = M4 JZ’MB - Af = MA® + MB* = 2ME? + 25
= 2ME® +24° B D
F
Cau 36.

Détﬂ:a,gé:lg,ﬁzg,tacé:

AB=SB-SA=b-a;

. . - — e —— 2 2-
MS=—2MA:—SM=—2(SA—SM):>SM=§SA=§a;
ﬁ:kN—c:STB—ATvzk(E—S—N)

= (k-1)SN =kSC—SB =kc—b;

(k1) 388 = (k1) (S 507 ) =k -5 >0
Dé ba vecto AB, MN,SC dong phang ta c6
(k—l)mzxA—B+yE

2(k-1)-

@kz—B—Tazx(Z;—;z)+y2
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2 _
o (k-1) e
3 1 1
=qx=-1 Svk=——=k=—
L 2 2
- 1
73
1
Vay k=——
ay 2
Cau 37.
Dit AB=a, AC=b,AD =¢

Theo bai ra ta co W:%#E;ﬁ:%(&ﬁ);ﬁ:%i}.

N
N

Piat AQ =kAD =kc.

MN=AN - AV =—ta-LpLe
47 4 2

Taco A MP=AP—AM =—a+5
4 12 M

@:ZQ—A—M:—%&—%BH%E

Vi M,N,P,0Q dong phang nén xm+yW:ATQ

111
S{—x-——y=—%&
47 127 4

lx=k
2

b
I

<
I
N Ln|w Lo

Vay TQ:%E:%:%
Cau 38.
Ta co 0£W+Z+;+(}r:4+2(ﬁ71+E.E+E.(}+n.;+ﬁ.q+;.c})
Suy ra man+ %; + E(} + %; + ﬁé + ;(} >-2
— =2 — 2 — =2 - =2 - — -2
S:‘m—n‘ +‘m—p‘ +‘m—q‘ +‘n—p‘ +‘n—q‘ +‘p—q‘
~12-2(min+mp+ -+ np+ng + pa)(do [ =i =[] =[] =1)
“t[p-d <12-2(-2)=16

2 - =2 -
+‘n—p +‘n—q

2 [ —
+‘m—q

2 — =
+‘m—p

Viy ‘E—Z
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Déu “=" xdy ra ching han khi m =n= (1,0;0) va p=q= (-1;0;0).
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